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ABSTRACT

In this dissertation , Taylor collocation method is applied to obtain the approximate
solution for two-dimensional linear Volterra integral equations. An algorithm based
on the use of Taylor polynomials is developed for the numerical solution of this kind
of equations. We also provide a rigorous error analysis which justifies that the errors
of the approximate solution of the exact solution. Numerical examples are included to

prove the validity and the efficacy of the presented convergent algorithm.

Key Words: Two-dimensional Volterra integral equations; Collocation method;

Taylor polynomials.



RESUME

Dans ce mémoire, la méthode de " Taylor collocation " est appliquée pour obtenir
la solution approchée des équations intégrales de deux dimensions de Volterra. Un
algorithme s’est basé sur "utilisation des polyndomes de Taylor sont développés pour la
solution numérique de ce type d’équations. Des exemples numériques sont présentés

pour confirmer les estimations théoriques et illustrer la convergence de la méthode.

Mots-clés: Equations intégrales de Volterra de deux dimensions; Méthode de

collocation; Polynémes de Taylor.



CONTENTS

[ntroduction

I  Preliminary and auxiliary results

[l.1 lavylor serieg . . . ..

[[.2  Classification of integral equations . . . . . ... ... ... ........

[l.o  Leibnitz rule for differentiation of integraly . . . . . ... . ... ... ..

[l.4  l1ecewise polynomial space§ . . ... . ... ... ...

2 Description, study of convergence and error of the numerical method

2.1 Description of themethod . . . ... ... ... ... ... ...

.2 Convergence analysis

B Numerical experiments

10

12

12

13

15

16

25

36



p.1 Illustrative examplq . .

pb.2  Comparison exampleg

Conclusion and perspective




INTRODUCTION

Integral equations are one of the most useful mathematical tools in both pure and
applied analysis. The first integral equation mentioned in the mathematical literature
is due to Abel. He found this equation in 1823, starting from a problem in mechanics.

He gave a very elegant solution that was published in 1826.

Starting in 1896, Vito Volterra built up a theory of integral equations, viewing
their solutions as a problem of finding the inverses of certain integral operators. In
1900, Ivar Fredholm made his famous contribution that led to a fascinating period in
the development of mathematical analysis. Poincaré, Fréchet, Hilbert, Schmidt, Hardy

and Riesz were involved in this new area of research.

Two-dimensional integral equations have significant applications in various
tields of applied science and engineering such as plasma physics, the image deblur-
ring problem and its regularization, axisymmetric contact problems for bodies with
complex rheology, diffraction theory and the electrochemical behavior of an inlaid mi-
croband electrode for the case of equal diffusion coefficients. These types of integral
equations also occur as reformulations from some mixed boundary value problems
arising in various branches of applied sciences; for example, solid and fluid mechanics,

electrostatics, heat transfer, diffraction and scattering of waves, etc.



Introduction

The main purpose of this work is to find an approximate solution for linear
two-dimensional Volterra integral equations (2D-VIEs) based on the Taylor collocation

method (TCM).

The collocation method is based on the idea of approaching the exact solution
of a given integral equation using a suitable function belonging to a chosen finite-
dimensional space. The approximate solution must satisfy the integral equation on
a certain subset of the interval (called the set of collocation points). We consider as
space of approximation the space of the spline polynomials : S;__ll),p_l(HN,M) defined as
in (ZT2). The main advantages of this method are :

- This method is direct and the approximate solution is given by using explicit

formulas;
- This method has a convergence order;

- There is no algebraic system needed to be solved, which makes the proposed

algorithm very effective and easy to implement.
Our dissertation is organized as follows :

- The first chapter : We provide the fundamental notions, definitions and some
necessary theorems will be needed for the following chapter, such as the Taylor

series, Leibnitz rule, and Comparison theorems...

- The second chapter : We give an algorithm for solving linear 2D-VIEs using
the Taylor collocation method. We prove the convergence of the approximate

solution to the exact solution.

- The third chapter : We give some numerical examples to illustrate the theoretical
results obtained in the previous chapter. In each example, we calculate the error
for different values of N, M and p between u and the Taylor collocation solution

v. We compare our results with another method.



CHAPTER 1

PRELIMINARY AND AUXILIARY
RESULTS



Preliminary and auxiliary results

In this chapter, we define some necessary notions and theories, such as the Tay-
lor series, integral equations and comparison theorems which will demonstrate the

convergence of the approximate solutions.

1.1 Taylor series

Definition 1.1.1 For a function of two variables f(x,y) whose partials all exist to the n'" par-

tials at the point (a,b), the n'-degree Taylor polynomial of f for (x, y) near the point (a,b) is :

1 d"if(a,b , ,
Fen = Z(;Zo‘ ilj! ax{g;] )( x—ay(y=by.
=0 j

Example 1.1.1 For a function of two variables f(x,y) = xe¥ + 1 whose first, second and third
partials exist at the point (1,0). The third-degree Taylor polynomial of f around the point (1,0)

s :

af(1,0) af1 0)

pate, ) =£1,0)+ L2 (-1
1 2F(L,0) , f 1 0) 1 92£(1,0)
HETIRP T ( “Dyt g o1
10°F(1,0) . 1 83 f(1 0) 10°£(1,0) 13 f(l 0)
BT y&+m¢992( x=1y*+ 2;32&/( Yy+g5—ga =1’

T P SN I
- QY * Y H Y Gy

Theorem 1.1.1 (Taylor’s Theorem for functions of two independent variables[H]) Let f be p
times continuously differentiable on D = [a,b] X [c,d] and let (xo,y0) € D. Then for all
(x,v) € D, we have

p-1 - -
N 1 9" f(xo, o) i j 1 9" f(x1, 1) i j
flx,y) = i;() l,—],W(x —X0)'(y — yo) + i;p WW(X = x0)'(y — ¥o)’,



Preliminary and auxiliary results

where

=0x+ (1 -09)xy € [a,b],
X1 x + ( )xo € [a, b] 6c1).
y1=0y+(1-0)y €[cd],

1.2 Classification of integral equations

An integral equation is the equation in which the unknown function u(x, y) appears
inside an integral. The most standard type of two-dimensional integral equation in

u(x, y) is of the form :

hx)  ~l(y)
u(x,y) = f(x,y) + A f f K(x,y,t,5,u(t,s))dsdt, (1.2.1)
k

9(x) ()
and if equation ("27) is linear then it becomes

h(x)

I(y)
u(x,y) = flx,y) + A f K(x,y,t,s)u(t,s)dsdt,
g(x) Jk(y)

where g(x), h(x), k(y) and I(y) are the limits of integration, may be variables, constants,
or mixed, A is a constant parameter, and K(x, y,t,s) is a known function, called the
kernel or the nucleus of the integral equation. The unknown function u(x, y) that will
be determined appears inside the integral sign. In many other cases, the unknown
function u(x, y) appears inside and outside the integral sign. The functions f(x, y) and
K(x,y,t,s) are given in advance. Integral equations appear in many types. The types
depend mainly on the limits of integration and the kernel of the equation. In this text

we will be concerned on the following types of integral equations.

7
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Fredholm integral equations

For Fredholm integral equations, the limits of integration are fixed. Moreover, the

unknown function u(x, y) may appear only inside integral equation in the form :

b d
f(x,y):/\f f K(x,y,t,s)u(t,s)dsdt.

This is called Fredholm integral equation of the first kind. However, for Fredholm
integral equations of the second kind, the unknown function u(x, y) appears inside and

outside the integral sign. The second kind is represented by the form :
b
ulx,y) = flx,y) + A f f K(x, y,t,s)u(t,s)dsdt.

Volterra integral equations

In Volterra integral equations, at least one of the limits of each integration is a variable.
For the first kind Volterra integral equations, the unknown function u(x, y) appears

only inside integral sign in the form :

flx,y) = fx fy K(x,y,t,s)u(t,s)dsdt.

However, Volterra integral equations of the second kind, the unknown function u(x, y)
appears inside and outside the integral sign. The second kind is represented by the

form :

ulx,y) = flx,y) + A fx fy K(x,y,t,s)u(t,s)dsdt.

Volterra-Fredholm integral equations

The Volterra-Fredholm integral equations arise from parabolic boundary value prob-
lems, from the mathematical modelling of the spatio-temporal development of an

epidemic, and from various physical and biological models.

8
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The Volterra-Fredholm integral equations appear in the literature in two forms :

X Y f
u(x,y) = flx, ) + Ay f f Ki(x, y, t,s)u(t, s)dsdt + A, f f Ka(x, y, t,s)u(t, s)dsdt,
a b c e

and

u(x, t) = f(x,t) + Afo LF(x, t,&, T, u(&, 1))dédt ;(x,t) € Qx[0;T],

where f(x,t) and F(x,t, &, 7, u(&, 7)) are analytic functions on D = Q X [0; T], and Q is
a closed subset of R", n = 1,2,3. It is interesting to note that the first equation con-
tains disjoint Volterra and Fredholm integral equations, whereas the second equation

contains mixed Volterra and Fredholm integral equations.

Remark 1.2.1  Integral equations of the second kind are classified as homogeneous or inho-
mogeneous, if the function f(x,y) in the second kind of Volterra or Fredholm integral equations
is identically zero, the equation is called homogeneous. Otherwise it is called inhomogeneous.

Notice that this property holds for equations of the second kind only.

Examples 1.2.1 To clarify these concepts we consider the following equations :

1. Linear Fredholm integral equation of the first kind

1
2—(x—y)(E+1)—2e(x+y+1)= f f (s +t + x + y)u(t, s)dsdt.
o Jo

2. Linear Fredholm integral equation of the second kind (inhomgeneous)

1 b o X
D= T w *  J, wma e

where (x,y) € [0,1) X [0, 1).

3. Linear Volterra integral equation of the first kind

242 4 2gi -2 Y
X7y + sm(xiy;2 Xy COS(xy)Sin(y) _ f f (sin(xy) + 1)u(t, s)dsdt,
0o Jo

where (x,y) € [0,1] x [0, 1].
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4. Linear Volterra integral equation of the second kind (homogeneous)

u(x,y) = fox foy(e(x)t — Du(t, s)dsdt,

where (x,y) € [0,1] X [0, 1].

5. Nonlinear Volterra integral equation of the second kind (inhomogeneous)

Oxt + 102242 + 9y
wx,y) = 2 + 1P — yxy(x+ xy+y) ff W2t s)dsdt,

where (x,y) € [0,1] X [0, 1].
6. Mixed Volterra and Fredholm integral equation of the second kind

u(x,y) = y* —ﬁxy x y+f f xyt*s*u(t, s)dsdt.

7. Disjoint Volterra and Fredholm integral equation of the second kind

X Y 1 1
u(x,y) =2 -1+ f f u(t, s)dsdt + 16f f eV (t, 5) P dsdt.
0 Jo 0 Jo

1.3 Leibnitz rule for differentiation of integrals

Let f(x,t) be continuous and = be continuous in a domain of the x — t plane that

ot
includes the rectanglea <x <b , ty <t <t and let

h(x)
F(x) = f(x, t)dt, (1.3.1)
g(x)

then differentiation of the integral in (IC31) exists and is given by

: g() " of(x, 1)
PO =5 = e h) S - fon T2 e [ e sz

g(x)

10
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If g(x) = aand h(x) = b where a and b are constants, then the Leibnitz rule (I"32) reduces

to:
dF " Of(x, t)
F(x)=— = —— 4t 1.3.3
w-%= [ L (133)
which means that differentiation and integration can be interchanged such as
d ’ Xt ! Xt
ox aedt—fa‘tedt.
We illustrate the Leibnitz rule by the following examples :
Example 1.3.1 Consider the integral equation
F(x) = f In(1 + £)dt,
by using the rule of Leibnitz, we find
F'(x) = 2xIn(1 + x*) — In(1 + x?).
Example 1.3.2 Consider the integral equation
e
F(x,y) = f f xye'°F(t, s)dsdt, (1.3.4)
0o Jo
we differentiate equation(IC34) with respect to y, we obtain
JF(x,y) A i
= xye' YF(t, y)dt + xe'°F(t,s)dsdt. (1.3.5)
dy 0 0o Jo

Now, we differentiate equation(IC33) with respect to x, we obtain

2 ( /y) g
PEEY) e t-y
xdy xye* VF(x, y) [) ye' VF(t, y)dt

y Xy
+ f xe* °F(x, s)ds + f f e'°F(t, s)dsdt.
0 0 Jo

11
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1.4 Piecewise polynomial spaces

LetIly ={t, : 0 =t) <t < .. <ty = T}, denote a mesh (grid) on the given interval
I = [0, T], where the stepsize is given by h = £.

Define the subintervals ¢, = [t,,, t,41] forn =0,1,..., N — 1.

Definition 1.4.1 For a given mesh I'ly the piecewise polynomial space Sf)(HN) with

u>0,-1<d< u,isgiven by
S¥(My) = {v € C(D) : vl,, € 70 < < N =1)}.

Here, 1, denotes the space of (real) polynomials of degree not exceeding .

It is readily verified that Sf)(HN) is a (real) linear vector space whose dimension is given by
dim S (ITy) = N(u —d) +d + 1.

Remark 1.4.1 The choice of the degree of regularity d will be governed by the number of
prescribed initial conditions, for Volterra integral equations (no initial condition) we choose
d=-1.

The particular piecewise polynomial space S;__ll),p_l(HN,M) of bivariate polynomial spline func-
tions of order p (degree p-1) in x and order q (degree g-1) in y is a tensor-product space based
on the univariate spline spaces S;_l)(HN) and Sé_l)(HM). An element of this space has jumped

discontinuities at the interior grid linesx = x,(n =1,..,N-1)andy = y,(m=1,.., M -1).

1.5 Collocation method

A collocation method is based on the idea of approximating the exact solution of a
given integral equation with a suitable function belonging to a chosen finite dimen-
sional space such that the approximated solution satisfies the integral equation on a
certain subset of the interval on which the equation has to be solved (called the set of col-

location points ). Here We consider as the approximating space the polynomial spline

12
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space. In order to describe the relevant collocation method for given N, let Il be a uni-
form partition of a bounded interval I = [0, T] with gride points t, = nh,n =0,1,...,,N,

where hh = % be the stepsize. Define the subintervals 6, = [t,, t,+1],n =0,...,N = 1.

We define the real polynomial spline space of degree p — 1 as follow :
s;‘}])(nN) ={v:v,=0lp, €M,,n=0,..,N-1}.

The main advantages of Taylor collocation method are :

i) This method is direct and the approximate solution is given by using explicit formulas.
ii) This method has a convergence order.

iii) There is no algebraic system needed to be solved, which makes the proposed

algorithm very effective and easy to implement.

1.6 Comparison theorems

Lemma 1.6.1 (Wendroff’s inequality [9]) Let f and u be continuous and non-negative functions
defined on [a, b] X [c, d], and let g be non-negative and two continuously differentiable function

on [a,b] X [c,d] X [a,b] X [c,d]. Then the inequality
e
u(x,y) < f(x,y) + f f g(x,y,t,s)u(t,s)dsdt, (x,y) € [a,b] X[c,d],
implies that

u(x,y) < f(x,y)exp (fx fy R(t, s)dsdt), (x,y) €a,b] X [c,d],

where

R(x,y) =g9(x, y,x,y) + f d19(x, y, t, y)dt

13
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Y X Y
+ f d29(x, Y, x,s)ds + f f 02019(x, y, t, s)dsdt.
b a c

Lemma 1.6.2 (Discrete Gronwall-type inequality [B]) Let {k o be a given non-negative se-

quence and the sequence {¢,} satisfies €y < py and

Snﬁﬁo-i‘ZkiSi, n>1,

with py > 0. Then ¢, can be bounded by

n-1
&n < poexp kil,
=0

Lemma 1.6.3 (Sugiyama’s inequality [I1] ) Let £(n), a(n) and b(n) be non-negative sequences.

If e(n) satisfies

n-1
e(n) < a(n) + Z b(s)e(s),
s=0

forall n € N. Then

n—1 n-1
e(n) < a(n) + Z a@)bs) [ [ [1+b(@)], neN.
s=0 o=s+1

Lemma 1.6.4 (Pachpatte’s inequality [[I()] ) Let e(n, m),a(n, m) and b(n, m) be non-negative
sequences such that a(n, m) is nondecreasing in each variable n and m. If €(n, m) satisfies
n-1

e(n,m) <a(n,m)+ b(s, He(s, t),
s=0 ¢t

§
AN

Il
o

forall n,m € IN. Then

m—

e(n,m

, }, n,m € IN.

s=0 =0

14



CHAPTER 2

DESCRIPTION, STUDY OF
CONVERGENCE AND ERROR OF THE
NUMERICAL METHOD
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Description, study of convergence and error of the numerical method

In this chapter, we apply a direct collocation method based on the use of Taylor
polynomials to approximate the solution of linear two-dimensional Volterra integral

)

equations in the polynomial spline S;__ll p—l(HN/M)' The approximate solution is given

7]

by using iterative formulas, and we prove the convergence of the approximate solution

to the exact solution.

2.1 Description of the method

We consider a linear two-dimensional Volterra integral equation of the form :

u(x,y) = g(x, y) + fo x fo yK(x,y,t,s)u(t,s)dsdt, (x,y) € D, (2.1.1)

where the functions g and K are given (real-valued) continuous functions defined,
respectively, on D :=[0,a] X [0,b] c R*and S := {(x,y,t,5) : 0 <t <x<a,0<s <y <b}.
It follows from the classical theory of Volterra that (1) possesses a unique solution
u e C(D).

LetIly = {x; = ih,i = 0,1,..,N} and Iy = {y; = jk,j = 0,1, ..., M} denote, respectively,
uniform partitions of the intervals [0, a] and [0, b] with the stepsizes are givenby h = £

and k = L. These partitions defined a grid for D

Iy =y X Ty = {(x, Y),0 <1 < N,0 <m < M}.
Set the subintervals

On = [Xn; Xp41),n=0,1,.., N=2; on-1 = [xn-1,¥n],

67?1 = [ymr ]/m+1)/m = O/ ]-/ /M - 2/ 6M—1 = [}/M—lz ]/M]z

and D, , := 0, X Oy foralln=0,1,..., N-1,m=0,1,...M - 1.
Moreover, denote by 7,1 ,_1 the set of all real polynomials of degree not exceeding p—1

in x and y. We define the real polynomial spline space of degree p — 1 in x and v as

16



Description, study of convergence and error of the numerical method

follows :

s; 11>p () = {02 O = 0lp,,, € Tpoip-1,n=0,., N=1;m=0,1,.,M-1}. (2.1.2)

This is the space of bivariate polynomial spline functions of degree (at most) p — 1 in x
and y. Its dimension is NMpz, i.e., the same as the total number of the coefficients of
the polynomials v, ,,,n = 0,..,N -1,m =0,1,..,M — 1. To find these coefficients, we
use Taylor polynomial on each rectangle. Note that the solution u of (ZT1) is known
on part of the boundary of D :

u(x,y) =g(x,0)if 0<x<aand y =0,

u(x,y) =90,y)if0<y<bandx =0.

First, we approximate u in the rectangle Dy by the polynomial

p—l .o
1 d"u(0,0) ; .
vo0(x, ) = Z WWX v, (x,y) € Doy, (2.1.3)
i+j=0

i+ i+j
where m is the exact value of o u‘ at point (0, 0).
dxidy oxidyl

To find ]' , we differentiate equation (ZIT) j-times with respect to vy

a X
u(x y) _ 9(])9(96 y) +f Z 7 7[8(1 1- T)K(x y, t, y)u(t, y)]dt

f f OVK(x, y, t, s)u(t, s)dsdt
! , d'u(t, y)
= Vyg(x, y)+ZZ()f —[0 K, y, t, )] oy

r=0 [=0

+f f 8(2j)K(x,y,t,s)u(t,s)dsdt. (2.1.4)
0o Jo

Now, we differentiate equation (ZT3) i-times with respect to x, we obtain

I, Y) i )
“owayi 1% I Y)

17



Description, study of convergence and error of the numerical method

-1 izl 50 1 9i-1-g 1 J
392124 =l [ ECR SRR 7]
e ! pry x| dxi=t ), \dyr- Yy’

j-1 ;
r\ ([ -1-n d'u(t, y)
+ — | 3—=19) K(x, y,t, )] dt
r=0 ; l)‘fo x “ay ’ y

+ f —_— [8(11_ _Q)a(zj)K(x, Yy, x,s)u(x, s)] ds
0 ‘=5 o

y
fo 81)8;] K(x, y, t,s)u(t, s)dsdt,

which implies,

I, Y) _ 0
oxidyi =010, 9(x, )
-1 v i-1 ¢ _ L I
}"qaqr] 811q 87’1 (]1r arlu(x’y)
' ;O 1=0 =0 ;J‘ (l)(n)&xq—n [8xi—l—q t=x \ Oy [8 Koyt y)] Ix"dy!
j_l r X ; 1
r 8’ ar ! _1- o0 I/l(t, y)
i-1 g y ;
q I [ -1-0) ) Iu(x,s) |
+ Z‘(’?) e [8 d, ' K(x, y,x, s)] Ep ds
q=0 n=0
X Y '
+f f dVIVK(x, y, t, s)u(t, s)dsdt
0 Jo
Hence,
9"u(0,0) _ i
3x_3yf = 9,9, 9(0,0)
j— r i-1 ¢ _
Pl [ g1 (87 1 (i-1-) al+nu(0’ 0)
+ ;" "K(x, y,t,v) —
; 1=0 ¢=0 UZ::( )( )8xq T ey 073/H[ 2 ] x=y=0 Ixdy!
Second, we approximate u in the rectangles D, o,n = 1, ..., N — 1 by the polynomials
() pi LoD yys (xy)eD (2.1.5)
Va0, Y) = ) (X = %)’y (x,y) € Dao, 1.
o ilj! odxidys

18



Description, study of convergence and error of the numerical method

where 9, is the exact solution of the integral equation :

n- Xl Y
Duo(x, v) = g(x, y) + Z f f K(x,y,t,5)ve0(t,s)dsdt
&=0 Xg 0

Xy
+ f f K(x,y,t,5)0,0(t, s)dsdt.
x, V0

(2.1.6)

9’0y,
To find % we differentiate equation () j-times with respect to y
P00, y) IR A
DD Wgt+ Y, [N K ypsatt )
y =0 X r=0 y
n-1 Xl VA
+ f f 8;])K(x, Y, t,8)vs o(t, s)dsdt
=0 X 0

x =1
I (i
+ f Y — 57 [0V K, v, t, y)ono(t, y)ldt

Xn r=0

X Y .
+ f f 8(2] 'K(x, y, t,5)0,0(t, s)dsdt
x, JO

n-1 j-1 r
' r E+1 ar -1 _y l ( )
=g+ Y. YY" (l)f gy Kty )]—yydt

E=0 r=0 I=0

n-1 XE+1
+ Zf f a(J)K (x, Y, t,8)veo(t, 8)dsdt

(j-1-7) d'0uo(t, y)
+ZZ() Iy ”3] K(x, y,t,y)]a—y,dt

r=0 1=0

+ f f 8(2j)K(x,y,t,s)@n,o(t,s)dsdt. (2.1.7)
x, Y0

Now, we differentiate equation (ZT7) i-times with respect to x, we obtain

ai+jﬁn,0 (x/ y)

Ixidy/ :a(li)a;j)g(x’ Y)
n-1 j-1 r - ) B l
r &+1 al ar ! (-1-1) a UE O(t, y)
' =0 r=0 =0 ( )L ax [8y’—l [82 (x, y,t,y)] (9]/’ dt
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Description, study of convergence and error of the numerical method

n-l1 X 41
+ f f oV Q(J)K(x Y, t,8)vs o(t, s)dsdt
5:0 Xg 0
-1 r i-1 a1 _
r (97 (91 1=q ((7 ! (j-1- az7710(35 F/)
+ — | = QUK (x, vt || —————
r=0 =0 (l) =0 X1 | 91 o \ Yy [ ]
1 s '
r\ (o[ (j-1-7) Z’no(iL y)
X [ g ot | Z
r=0 [=0 n
+ f % [8(11_1_5’)8(2])K(x, Y, X, s)z?nlo(x,s)] ds
(ry
Xy
+f f 81)8;] K(x, y,t,8)0,,0(t, s)dsdt,
X, JO
which implies,
™10,0(x, ) 3 (i
8x_igyf_ = 99 g(x, y)
n-1 j-1 x — !
r E+1 al arl (i=1-r) avglo(t, y)
£=0 =0 =0
n-1 : Y
+Z f f 8(')8(])K(x,y,t,s)vglo(t,s)dsdt
i=0 Ve
+ i r li“ q (7)(‘7) o | A ( o O K(x, y, t, y)])] 0%, y)
r=0 1=0 g=0 1=0 I)\n)oxi=n | dxi=1=a],_ \dy! ’ Ix"9y'
=1 r
r * J' o ! (j=1-7) nO(t y)
+ZZ(Z)f glayrlw K(x, y, t, y)l| —2 =
=0 =0
i—1 q Y N4
a9\ (727 61 50 M
+ 4 Z‘(’?) e [& d, K(x,y,x, s)] E
q=0 1n=0
Y &
+ f f VK (x, y, t,5)0,0(t, s)dsdt.
X, JO
(2.1.8)
Hence,
9" T0u0(%n,0) _ Sy 5
W = 0,9, g(x,,0)
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Description, study of convergence and error of the numerical method

n-l j-1 r Xe+1 i r—1 81 t0

+ (;) f % [ Ky y)]] oD g
&=0 r=0 =0 x X
j-1 i

: ayr l X= xn,y:O ayl
vy _ - - [+1.4
Z r\(q\ @71 | 91 ! (j-1-7) 3" 10,,0(x4, 0)
' (l)(n)axq—n [89(1'—1—‘7 [82 K(x, y,t, y)] Z i )

t=x ayr—l x=2x,,y=0 axnayl
Third, we approximate u by v, ,, in the rectangles D, ,,,n =0, ..., N-landm =1, ..., M—1

such that,

o) = ¥ e S D) (i )i ) €D 219)
nm y Z] axlgy] n y ym ’ /y n,mys oL
i+7=0

where 9, ,, is the exact solution of the integral equation :

—_

n—-1 m-1

XE+1 Yp+1
Oum(x, y) = g(x, y) + Z f f K(x, y,t,8)vg o (t, s)dsdt

p=0

XE+1
f f K(x,y,t,5)ve m(t, s)dsdt
Yp+1
f f K(x, y,t,8)0,,,(t, s)dsdt

K(x Y, t,8)0, m(t, s)dsdt.

3 \W‘!
H O

+

(2.1.10)

Sm
.—xo

+

%{ZM

Ym
8 n,m
To find % we differentiate equation (ZT10) j-times with respect to y
8jAnm § n—1 m-1 Vo1
w a(J)g(x y)+ ZZf f ag)K(x, Y, t,8)0s o(t, s)dsdt
}/] &=0 p=0 v X Yo
n—1 a”
j—1-r
+Z f 8yr a(J K(x, Y, t, Y)vem(t, y)] dt
=0 V¥ r=0
n—1 y
+ Z(;f L 8])K(x Y, t,8)0s m(t, s)dsdt
m_] Yp+1
+ f O—,(DK(x Y, t,8)v, o(t, s)dsdt
p=0
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Description, study of convergence and error of the numerical method

x 1
f Z oy [8(1 K(x, Y, t, )0, m(t, y)]d

In =0

+ f f VKX, y, 1, )0 m(t, s)dsdt
Xn Ym

n—

. m-1 X &1 Yp+1 .
=3(z])9(x,y)+ Z f f ’ ag)K(x/y,t,S)Ug,p(t,S)det

0 p=0 ¢ Yp

" XE+1 ar -1 (] 1-1) 8’Ug,m(t, ]/)

[y

O
I

i1,

—_
—

n—

+

—

7

Il
o

1=0

fx£+

Yp+1
f 8(])K(x Y, t,8)v, p(t, $)dsdt

SM
>—‘O

y
8])K(x Y, t,8)0s u(t, s)dsdt

+

S

WI

aet

+ +
:EMio

r\ (97 o1 e m(t, Y)
af K(x, y, t, )—dt
ZO() 8y” )l Y

(9(])K(x Y, t,8)0,m(t, s)dsdt. (2.1.11)

+
%';'

Ym
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Description, study of convergence and error of the numerical method

Now, we differentiate equation (ZT-TT) i-times with respect to x, we obtain

ai+jﬁn m(x/ y) v = ot ()
—— 2 = 0 8(])g(x y) + Z f dVIVK(x, y, t,8)0¢ o (t, 5)dsdt
0

oxidyi L
) Xe+1 i r—I1 /
r 9" | 97 G-1n Ve m(t, y)
+ i —[a] K(xl Itl )]] —dt
£=0 ; 1=0 (l)f?: ox' [8yr_l 2 yty Yy
n-1 Xep1 y .
+ f f IVIVK(x, y, t, 80 mt, )dsdt
é=0 Xg Ym
m=1 i-1 Yor1 Bl o ‘
* Z f o [3(1 YK, y,x, S)vn,p(x,S)] ds
p=0 g=0 “'¥p
m—1 Yp+1 .
) f f IDIVK(x, , t, 5)0np(t, )dsdt
p=0 Yp
j-1 i-1 o _ I
o Ji-1-1 o! (=1-7) 0 Un,m(x, y)
3 ) X (z)axq |9xi‘1‘”7 - (ayr—z [27 K vt )| | =5
r=0 =0 ¢=0
1

-1 r - x i [ gl (i—1-1) Unm(t y)
EY0)S 5o Fe ]

+ — [8§i_1_q)8(2j 'K(x, Y,%,8)0,m(x, s)] ds

X y . .
+ f f &g”&;] )K(x, Y, t,8)0,m(t, s)dsdt,
x Jy
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Description, study of convergence and error of the numerical method

which implies,
n-1 m—

i+ 1 Xl Yo+l
—_— = &(1)8(])g(x y) + f f &51)8(2])K(x, Y, t,8)vg o(t, s)dsdt
Ixidyi =i v

n-1 j-1 r
r e i [ gr-l (j—1-7) ém(t y)
’ ; (Z)L Ixi l&yr 1[8 K(x,y,t,y)] —dt

y
+ f 8(1)8(/)K(x Y, t,8)0¢ m(t, s)dsdt
y

(S:O m
mlil 4 Yor1 93— "0, 5(x, 5)
q (i-1-9) 5()) np\ts
+ ZZ Z (U)f e [8 d; K(x, y,x, s)] E
p=0 =0 1=0 Yo
m_1 x Ypr1 .
+ Z f f 8;1)072])K(x, Y, t,8)0y (¢, 5)dsdt
p=0 Y ¥ ~Yp
-1 r i1

2 LY

I 1 (j-1-n 9" (X, y)
i ( 55 [ K@yt )] )| 55 5y

r\ (o[ o , Oum(t, y)
Z(l) f a_[ K y)]] T
r=0 =0
i-1 9 Y N4
q I [ -1-0) ) 9"0nm(X, 5)
+ OZO‘(’?)L e n 8 d,) K(x, y,x, s)] Tds
q=0 1=
y
+f (1)8(])K(x Y, t,8)0, m(t, s)dsdkt.
Xn Ym
2.1.12)
Hence,
alﬂﬁn,m(xnz ym) (@) (7 A e Yort @ ()
ERE = 0,0, g(Xn, Ym) + 9,0y K(Xp, Y, t,8)0g p(t, s)dsdt
roy &=0 p=0 Yp
n-1 j-1 r X ‘ - !
r e i [ gr 1 (i=1-r) avém(t, ym)
+ f _ll —[0) "K(x, y, t, y)] — =t
&=0 r=0 IZO‘ (l) Xe ax ay : ? X=Xn,Y=Ym ayl
i g Yot 93N . . "0, (%, 5)
q (i=1-q) 5()) n,p\As
' PZ;(: q=0 nz=;‘ (77) fyp oxa—M [81 82 K@y, x, S)]xszuy:ym oxn ds
ol izl 4 - 1- 1 I+1.4
r\(q) 971 [ 91 It "0y (X, Yim)
' r=0 1=0 q=0 ; (l)(n)axq‘” laxi_l_q = \ Y [82 Koyt y)] X=X, Y=Ym ox1dy’ ’
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Description, study of convergence and error of the numerical method

forn=0,..,N-landm=1,..,.M—-1.

2.2 Convergence analysis

We consider the space L*(D) with the norm
||(P”L°°(D) = inf{C eR: |<p(x, y)| <C forae. (x,y) € D} < oo,
We need the following lemma to prove the convergence of the presented method.

Lemma 2.2.1 Let g and K be p times continuously differentiable on their respective domains.
Then, there exists a positive number a(p) such that foralln =0,..., N-1,m=0,... M—-1

andi+j=0,1,..,p, we have,

ai+ jﬁn,m

axidy/

< a(p),

Le (Dn,m)

where 0op(x, y) = u(x, y) for (x, y) € Dyy.

Proof. Let ai}{m = ”a(;;f;g,;;,, =D, we have foralli+j=0,1,..,p,
; az’+j ) )
”0]0 < max{ 3 l.au]. ,i+7=0, 1,...,p} = a1(p). (2.2.1)
XOY (Do)

Now, we consider the sequence I';, = max{azjo,i +j=0,...,p},n=0,1,.., N-1.

From (ZIR), we have foralln=1,..., N-landi+;j=0,1,..,p

‘ n-1 j-1 r Xeil n—-1 Xeil y -1 r -1 ¢q l
1, ,
”n{o <o+ Z f Tedt + c3 Z f f [edsdt + ¢4 Z ”Z,o
&=0 r=0 1=0 V¥ g=0 Y 0 r=0 1=0 =0 n=0
-1

X y i-1 4 0 X Y
+ 0y f a%dt + 5 f Z Z aZ:Ods + ¢35 f f agigdsdt,
1 Xn 0 1,7:0 77:0 Xn 0

r= =0

o

where, foralli+;=0,1,..,p
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Description, study of convergence and error of the numerical method

€1 = max {||3§°3§j)9||mn>} ’

C; = max {(;)

2208 K@y | 7= O = 1= 0,1,

=)’

c3 = rnax{”agi)(?g)K(x/ Y t’S)HLD"(D)} ’

991 oi-1-14
ox171 | gxi—1-4

()

. ( (f;l [o'?g _1_T)K(x, y,t, y)])]
1=0,..,1r9=0,..,i-1,1=0,..,9

r=0,.,j-1

7
C4 = max L=(D)

and

22 [0 K, ,%,9)]

Iaxa—n

c5:max{(z q:O,...,i—l;r]:O,...,q},

L=D)’

the constants ¢;,i = 1, ..., 5 are positive and independent of N and M, hence,

n-1 n—1 -1 ¢ i-1 g
] nl
a0<cl+c2phzrg+c3hk21"g+c4 Z”no
&=0 &=0 r=0 [=0 ¢4=0 n=0
-1 r i-1 g
0
+ ool Z Z a”t + csk Z al's + cshka’y,
r=0 [=0 q=0 n=0
which implies that,
n-1 n-1 j-1 i-1 j-1
ij 2 2 nl 0,
a,9 < C1+Cop h Z [ + cshk Z e +cyp Ao+ coph Z A,
¢=0 &=0 1=0 1=0 1=0

i-1

0 X

+ cspk Z aly + cshka’? (2.2.2)

n=0

n-1 j-1 -1

y
SC1+C6I’ZZF5+C7Z LIZO,
&=0 1=0 1=0

where ¢s = cop? + sk and ¢; = cap® + coph + cspk + cshk.

Using the notations of Lemma [L6.4, we put for each fixed n € N

n-1
ei ) =aly, al,j)=ci+ceh) T b j)=cr.
&=0
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Description, study of convergence and error of the numerical method

It is clear that the sequence a(i, j) is nondecreasing in each variable i and ;.

Then, by Lemma [C6.4, we obtain from (Z22)

n-1 i-1 j—1
El;;{o < (Cl + C6h Z rg] H |:1 + 07]

é=0 s=0 t=0
n—1 (223)
<ci[1+per) +cs[1+per]' h Z T,
£=0
Cg C9
which implies that,
n-1
T, <cs+coh Z T:. (2.2.4)
=0
It follows, by Lemma 67, foralln =0,1,.., N -1
I'y < cgexp(coa). (2.2.5)

On the other hand, we have, from (Z112), foralln =0,...,N—-1,m=1,..,M -1 and

i+j=0,..,p
n-1 m-1 p-1 n-1 j-1 r p-1
i,j st st
Aym < €1+ c3hk ag, + ch a;,,
&=0 p=0 s+t=0 &=0 r=0 I=0 s+t=0
n-1 p-1 m-1i-1 g p-1
st st
+ c3hk Z al, + csk Z By
&=0 s+t=0 p=0 g=0 1=0 s+t=0
m—-1 p-1 -1 r -1 ¢
st nl
+ kesh @y o(t,8) + Ca Z Ay
p=0 s+t=0 r=0 1=0 =0 n=0
-1 r i-1 9
0, 17,0 0,0
+ coh a,,, + csk Z Ay + kesha,,,
r=0 =0 q=0 n=0
n-1 m-1 p-1 n-1 p-1
st 2 st
<y + cshk ag,+cop h Z al,
&=0 p=0 s+t=0 =0 s+t=0
n-1 p-1 m—1 p-1
st 2 st
+ c3hk a;,, +csp k By
&E=0 s+t=0 p=0 s+t=0
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Description, study of convergence and error of the numerical method

m-1 p-1 j-1 i-1

+ hkes Z Z ayl, + cap? al,
p—O s+t=0 =0 n=0
+ coph Z wtC ka o + hkcza® (2.2.6)

Consider, the sequence I, ,, = max{ame, i+j=0,...,p},n=0,1,..,N-1,m=0,..,M-1,
then by (ZZ26), we have

1=0 n=0

which implies that,

—_

n—1 n—1 m—1 -1 i-1
1
ail, < ¢+ byhk Tep+boh Y Tep+bsk Y Ty + by al,  (227)
=0 p &=0 p=0 =0 1=0

3

Il
o

where by = c3p?, by = cop* + cap®k, by = csp* + hesp? and by = cqp? + coph + cspk + c3hk.

Using the notations of Lemma [C6.4, we put for each fixed n,m € N

n-1 m-1

n-1 m—
(i, ) = ), a(i, j) = o1 + balik Tep+boh Y Teu+b3k Y Top,b(i, ) = by.
&=0 p = =

§

I
o
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Description, study of convergence and error of the numerical method

It is clear that the sequence a(i, j) is nondecreasing in each variable i and ;.

Then, by Lemma [C6.4, we obtain from (Z27)

i—1

rgp+b2h2rém+b3k2r p]H

s=0

n-1 m-1

al, <|c + blhkz
&=0

<oy [1+ pbs] +hk by [1+ pby]’ Z Ty, +hby [1+pby]
=0 p:O ———
b5 bg b7

j-1
1+ b4]

p:() t=0

3
AR
S
AR

n—

1
ré,m
&=0

+k b3 [1 + pb4]p T

it follows that, foralln =0,1,..,.N-1,m=0,..,.M -1,

n—-1 m-1

n—1 m—1
T,y <bs + hkbg Tep+hby Y Tep+kbs Y T (2.2.8)
&=0 =0

&=0 p

E

I
o

Using the notations of Lemma [CA.3, we put for each fixed m € IN

-1 m—1
£() = Ty, a(n) = bs + hkbg Ty, + kbg Z T, b(n) = hby.
&=0 p p=0

n-1

S

I
o
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Description, study of convergence and error of the numerical method

Then, by Lemma [CA3, we obtain from (Z28)

n—-1 m-1
wm <bs + hkbe Tep+kbs ) Topt
&=0 p=0
s—1 m-1 m—1 n-1
+ Z [b5 + hkbs Tep+kbs )| rs,p] nby [T 10+ ]
&=0 p=0 p=0 o=s+1
n—-1 m-1
<bs + hkbg Tep+kbs Y Tppt
=0 p=0 p=0
n—-1 m-1 m—1
+ Z [bS +hkb Y Y Tep+kbs rs,p] hb exp (aby)
&=0 p=0 p=0
n—1 m-1 m—1 (2.2.9)
<bs+Iikbs ) )" e+ Kby ) Topt
£=0 p=0 =0
n-1 m-1 n—-1 m-1
+ ab; exp (ab) (b5 + hkbg T ]+ hkb, exp (aby) bs Z T,
&=0 p=0 s=0 p=0
n—-1 m-1
<bs(1 + aby exp (aby)) +hk (bs + (abg + bs)by exp (ab)) Z Te,
by b1o 00
m—1
+kbs ) T,
p=0

Again, using the notations of Lemma [C63, we put for each fixed n € N
n—-1 m-1

£(m) = Ty, a(m) = by + hikbag Y Y T, b(m) = kbs.

&=0 p:O
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Description, study of convergence and error of the numerical method

Then, by Lemma [CA3, we obtain from (ZZ29)

n-1 m-1 m—1 n-1 s—1 -
Ty <bo + hkbyg Tep+ )| bo + kb Tep|Kbs [ ] 11+ Kkbs]
&=0 p=0 s=0 &=0 p=0 o=s+1
n-1 m-1 m—1 n-1 m-1
Sbg + I’lkblo Z Z F(g,p + bg + I’lkblo Fg,p kbg exp (bbg)
&=0 p=0 s=0 &=0 p=0
n—1 m-1 n—1 m-1
<bg + hkbyg r};p + [bg + hkbqg r ]bbg exp (bbg)
£=0 p=0 £=0 p=0
n-1 m-1
< bg (1 + bbg exp (bbg)) +hk blO (1 + bbg exp (bbg)) Fg -
&=0 p=0
b1t b2
Then, by Lemma [C64, we have
n—-1 m—1
Fn,m < bll H 1+ Z I’lkblz“ < bll exp (abblz) . (2210)
&=0 p=0

Hence, from (2271)), (Z225) and (Z2210), by setting
a(p) = max {al(P)/ cio exp(pcnia), b1 exp (ﬂbblz)} .

The proof of Lemma 22T is completed. m

The following theorem gives the convergence of the presented method.

Theorem 2.2.1 Let g and K be p times continuously differentiable on their respective domains.
Then equations (Z13),(Z1H),(Z19) define a unique approximation v € S( e | m), and

the resulting error function e(x, y) = u(x, y) — v(x, y) satisfies:
llell~@py < C(h + k),

where C is a finite constant independent of h.
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Description, study of convergence and error of the numerical method

Proof. Define the error e(x,y) on D, , by e,.(x,y) = u(x,y) — v,.(x,y) for all n €

{0,...,N—-1}landm€{0,..., M —1}.
The proof is split into three steps.

Claim 1. There exists a constant C; independent of / and k such that,

lleo,ollL=(Dye) < Ci(h + k).

Let (x, y) € Dy, by using Lemma [T, we obtain from (ZT3)

1 || d/u .
leo,o(x, y)I < Z T 37307 hk/.
i+j=p J: Yy
Hence, by Lemma 271, we have
1. ap) )
leaox, )| < afp) Y i = = (kY.
Pl j! p!
G

Claim 2. There exists a constant C, independent of / and k such that,
llenollLo,0) < Calh + k),

forallm=1,...,N—1.Let (x,y) € D,, we have from (ZH)

n-1 Xe+l U
u(x, y) = on,0(x, v) =Z f f K(x, y, t, s)ec,o(t, s)dsdt
520 Xe 0

X Yy
n f f K(x, y, t,8)(u(t, s) — 0,0(t, 5))dsdt.
x, JO

Hence,

n—1 _ _ X y
lu(x, y) — On0(x, )| < Z hkKllegollL=(p, ) + Kf f lu(t, s) — Ono(t, s)ldsdt,
éZO Xn 0

32
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Description, study of convergence and error of the numerical method

where, K = max{||Kl|zp)}.

Then by Lemma 6T,

n—1
[u(x, ) = D06, )| < Y WkKllecolli=(p,,) exp (Kab)

S M
o

< Y nhbKexp (Eab) llez ol p)-
=0 S————
d

Which implies, by using Lemma [T, that

llex,ollze,0) < It = Dol + 1000 — Onoll

n-1 1
< Z hdlegollrope,) + Z T
=0 ‘J;

i+j=p

az‘+ j@n,o

ox'dy/

K.

Hence, by Lemma 2271, we obtain

a(p)

7(”1 + k)P

n—1
llewolli=D,,0) < Z hdllesollL=D, ) +
=0

Then, by Lemma "6, we have

a(p)

7(}1 + k) exp(ad,).

llexollzeD,q) <

Thus, we take C, = % exp(ady).

Claim 3. There exists a constant C3 independent of /1 and k such that,

llew,mllL=,, < Ca(h + k)P,
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Description, study of convergence and error of the numerical method

foralln=0,..., N-landm=1,...,M—1. Let (x,y) € D,,,», we have from (ZT10)

—_

n-1 m-1

1%, ) = D, )| < hkKlleg pll + Z kK lez ull + Z kK llex, I

0 p=0 = p=0

_ y
Kf [u(t,s) — Oy m(t, s)dsdt.

Ym

O
I

+

Then by Lemma 6T,

n—-1 m-1

n-1
[u(x, y) = Onm(x, y)| < hk K ex exp (Fab) lleeoll + Z hkfexp (Kab) lles mll
&=0 p —— =0 ——
dz d2

§

1l
o

-1
+ Z hk K exp (Eﬂb) llex,pll,
p=0
da

which implies, by using Lemma [CTT, that

”en,m”Lm(Dno) S”u - ZA} ” + ”ZA)nm — Oy, m”

n-1 m—

<) hkdznegpn - Z hkdsllec nll + Z kdsllen |
&=0

p=0 &=0 p=0
al+ Unm

ox'dyJ

1
ilj!

i ]

+

i+j=p

Hence, by Lemma 221, we obtain

S
AR

n—1 n-1 m—1
lewnll < Y Y kdalec |+ Y Hcllecnll + Y Hdale | + ﬁ(h FkP. (2212

=0 p=0

1l
o

&=0 p

Using the notations of Lemma [CA.3, we put for each fixed m € IN

S’

n—-1 m-1
a(p)
e(n) = llewnll a(n) = Y )" hkdles p||+thdz||enp||+ P

&=0 p

— (b + kY, b(n) = hkd,.

I]
o
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Then, by Lemma [C63, we obtain from (Z212)

n-1 m-1 m—1
lewnll < Z Hidallec pll + Y kdallen, |l + ﬂ(h +ky
&=0 p=0 p=0
n-1( s—1 m-1 ( )
+ Z kdlles | + Z hkcdolesll + == (h + kY |k exp (abd)
s=0 \ £&=0 p=0 p=0
nol ol 2.2.13
<Y ) hkdy (1 + 2abdy exp (abdy)) lle oIl + Z Hkdyle,, | (2.213)
&=0 p=0 ) p=0

+ % (1 + abd, exp (abdy))(h + K.

dy

Again, using the notations of Lemma L83, we put for each fixed n € N

>_\

n-1 m—

e(m) = |ley,mll, a(m hkds|leg |l + da(h + k)?, b(m) = hkd,.
&=0 p=0

Then, by Lemma 63, we obtain from (Z2T3)

n-1 m-1
lewnll <)Y Ikdsllec ol + dla(ie + k)’
&=0 p=0
m—=1 [ n-1 s-1
+ [ hkdslleg ol + da(it + k)P] hkd, exp (abd,)
=0 \ &=0 p=0
n—-1 m-1

< hk ds (1 + abd, exp (abdy)) llec || + ds (1 + abd, exp (abd,))(h + k).
p=0

=y

I
o

&
d 5 dé

Moreover, by Lemma (C6.4), we deduce that

n—1 m—1
lewmll < dg(h + k)P H [1 + Z hkds| < dg exp (abds)(h + K)P.
s=0 t=0 —_—
G

Thus, the proof is completed by taking C = max{C;, C;,C3}. m
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CHAPTER 3

NUMERICAL EXPERIMENTS
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Numerical experiments

In this chapter, we present three examples to show the performance of the described
method in the previous chapter for solving the integral equation (ZT.T). We calculate
the error between u and the Taylor collocation solution v, all the exact solutions u
are already known. Moreover, we compare our results with other methods : two-
dimensional orthogonal triangular functions [[], and the differential transform method

[2]. All the calculations are supported by the software Maplel?.

3.1 Illustrative example
Example 3.1.1 Consider the following linear 2D-VIEs [13]

u(x,y) = g(x,y) + fox foy(xt2 + cos(s))u(t, s)dsdt,

where (x,y) € [0,1] X [0, 1], and g(x, y) = x sin(y) + xzs(cos(y) -1)- ’jl—z sin?(y) with the exact

solution is u(x, y) = x sin(y).

Applying Taylor collocation method on the above integral equation, we approximate the
solution on D, forn =0,1,..,N-1,m =0,1,..., M —1 by the Taylor collocation polynomial
Un,m sShown some of them in the Table B for N = 10, M = 20, and p = 3.

Table B2 and Table B4 show the absolute errors at some points with p = 3 and (N, M) €
{(10,10), (20, 20), (50,50), (10,20)}, Table B3 shows the absolute errors at some points with
p=4,56and (N,M) = (20,20), (50, 50), (100, 100) respectively.

The absolute errors function for p = 3 and (N, M) € {(20, 20), (50, 50), (10, 20)} are plotted
in Fig. Bl and Fig. B3, we note that the absolute error reduces as N and M increases. As well
as comparing the absolute errors function for p = 3,4 and N = M = 30 are plotted in Fig. B2,

we note that the absolute error reduces as p increases.

The results in this example confirm the theoretical results ( see, for example, the column 4

in Table B2 and Table B33). Moreover, the absolute error decreases as N, M or p increase.
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Table 3.1: A some of Taylor collocation polynomials of Example BT

Domain D, ,,

Taylor collocation polynomial v,

Doy

Voo(X, y) = xy

D 1,1

v1,1(x, y) = —0.000006247388393 + 0.0002498957665y + 0.00004165610x
—0.00249895846460505y + 0.998750261602268xy
+1.30760740500000 X 1077 x>

D15

v1,15(x, v) = —0.01917018430 + 0.05112289198y + 0.1328629567x
—0.03408194327929321> + 0.731689211700456xy
0.000046586187771000x>

Us,5(x, y) = —0003863895322 + 0.03092534094y + 0.0051696897x
—0.0618509940890720y* + 0.968912917693200xy
0.00000683751313650000x>

Us,15(x, v) = —0.09583972142 + 0.2556140081y + 0.1328180967x
—0.170409873720890y> + 0.731691468236635xy
0.0000549539187035000x2

D 9,9

v99(x, y) = —0.03960509782 + 0.1761570265y + 0.0296988148x
—0.1957345180810941> + 0.900453209408124xy
0.0000377923205550000x>

D9,19

V9,19(x, v) = —0.3302234215 + 0.6954611277y + 0.2605544964x
—0.366038085466712y + 0.581699623103681xy
+0.000145430384200000x>

0.0000100—
0.0000095—]
0.0000090—]
0.0000085—]
0.0000080—]
00000075 |
o0000070— |
00000065 | Wl
00000060 X
0.0000055—]
0.0000050—]
0.0000045—]
0.0000040—]
0.0000035—]
0.0000030—]
0.0000025—]
0.0000020—]
0.000001 5
0.0000010—
0.0000005—]
pl

0.0000100—
0.0000005—]
0.0000090—]
0.0000085—]
0.0000080—]
0.0000075—]
0.0000070—]
0.0000065—]
0.0000060—]

(a) The function e for N = M = 20. (b) The function e for N = M = 50.

Figure 3.1: Plot of the absolute errors function of Example BT for p = 3
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Table 3.2: Absolute errors of Example BT1 for p = 3and N = M = 10, 20, 50

xy) |[N=M=10|N=M=20 | N=M=50

(0.0,0.0) 0 0 0

(0.1,0.1) | 2.07¢—08 | 519 —09 | 4.32¢—10
(0.2,0.2) | 3.29¢—07 | 5.16e—08 | 3.70e— 09
(0.3,0.3) | 1.29¢—06 | 1.85e—07 | 1.28¢—08
(0.4,04) | 3.28¢-06 | 4.54¢—07 | 3.06¢— 08
(0.5,0.5) | 6.71e—06 | 9.11e—07 | 6.11e— 08
(0.6,0.6) | 1.21e—05 | 1.62e—06 | 1.08¢—07
(0.7,0.7) | 2.01e—05 | 2.68¢—06 | 1.77¢—07
(0.8,0.8) | 3.19¢—05 | 42le—06 | 2.78¢—07
(0.9,09) | 4.89¢—05 | 643¢—06 | 4.24e—07

Table 3.3: Absolute errors of Example BT Tfor p = 4,5,6 and N = M = 20, 50, 100

xy) |p=4N=M=20p=5N=M=50|p=6N=M =100
(0.0,0.0) 0 0 0
(0.1,0.1) 1.29¢ — 09 1.17e — 11 1.10e — 12
(0.2,0.2) 5.23¢ — 09 1.25¢ — 11 8.20e — 12
(0.3,0.3) 1.26¢ — 08 1.60e — 10 3.09 — 11
(0.4,0.4) 2.77¢ — 08 8.52¢ — 10 1.94¢ — 12
(0.5,0.5) 6.26¢ — 08 2.56¢ — 09 2.75¢ — 10
(0.6,0.6) 1.45¢ — 07 8.36¢ — 09 8.35¢ — 10
(0.7,0.7) 3.37¢ — 07 2.18¢ — 08 2.91e — 09
(0.8,0.8) 7.57¢ — 07 5.04¢ — 08 4.75¢ — 09
(0.9,0.9) 1.63¢ — 06 1.14e — 07 1.30e — 08
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(c) The function e for p = 3.

0.0000100—T
00000099—’\
0.0000090—]

0.0000085—]
0.0000080—]
0.0000075—]
0.0000070—]
0.0000065—]
0.0000060—]
0.0000055—]

(d) The function e for p = 4.

Figure 3.2: Plot of the absolute errors function of Example BT for N = M = 30

Table 3.4: Absolute errors of Example BT for p = 3 and N = 10, M = 20

(x,y) |N=10M=20] (r,y) |N=10,M =20
(0.0,0.0) 0 (0.1,05) | 227¢-07
(0.1,0.05) | 1.30e—-09 | (0.2,05)| 4.84e—07
(0.2,0.1) | 2.08:-08 | (0.3,05)| 7.73¢—07
(0.3,0.15) | 826e—-08 | (04,07)| 1.96e—06
04,02) | 2120-07 | (05,07)| 2.63¢—06
(0.5,0.25) | 4.42¢-07 | (0.6,07) | 3.42¢—06
(0.6,0.3) | 810e—-07 | (0.7,07)| 4.38¢—06
(0.7,035) | 137¢-06 | (0.8,09)| 8.21e—06
(0.8,04) | 221e—-06 | (09,09)| 1.04e—05
(0.9,045) |  3.43¢ - 06 (1,0.5) 7.74¢ — 05
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0.000020—7
0000019
0.000015—
0.000017— \
0.000016—]
0.000015—
0.000014—]
0.000013
0.000012—
0.000011—
0.000010—]
0.000009—]
0.00000%—]
0.000007—
0.000006—]
0000005
0.000004—]
0.000003]
0.000002]
0.000001—]
o1

Figure 3.3: Plot of the absolute errors function of Example BTl forp = 3, N = 10,M = 20

3.2 Comparison examples

Example 3.2.1 Consider the following linear 2D-VIEs [?]

u(x,y) =g(x,y) + fx fy %u(t, s)dsdt, (x,y)€[0,1] x[0,1],
0 Jo

where g(x, y) = (Y + 1) sin(x + y) — e™Y sin(y) — e* sin(x) is chosen so that the exact solution

is u(x, y) = sin(x + y).

Table B3 shows the absolute errors at some points withp = 3,4and (N, M) € {(10,10), (20, 20)}.
The absolute errors function for p = 3 and (N, M) € {(20,20), (40,40)} are plotted in Fig. B4.

The numerical results for p = 4 and h = k = 0.1 are compared with the numerical results
obtained by using the differential transform method (DTM) [?] in Table B8. We note that the

proposed method approximates the solution of the Volterra integral equation with a kernel of a
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general form but the results obtained are consistent with those obtained in [?].

Table 3.5: Absolute errors of Example B2ZT for p = 3,4and N = M = 10,20

p=3 p=4

(x,y) |IN=M=10 | N=M=20 N=M=10 | N=M=20

(0,0) 0 0 0 0
(0.1,0.1) | 4.99¢-06 | 6.25¢—07 | 501le—-09 | 2.03¢-08
(0.2,0.2) | 2.00e-05 | 2.50e—06 1.26e - 06 | 2.47¢-07
(0.3,0.3) | 4.50e—-05 | 5.63¢—06 | 586e—06 | 9.48¢—07
(0.4,04) | 8.02e—05 1.00e — 05 1.6le—05 | 2.43e-06
(0.5,05) | 1.25e—04 | 157e—05 | 3.50e—05 | 5.08¢—06
(0.6,0.6) | 1.82e—04 | 228¢—-05 | 6.62¢—05 | 9.40e - 06
(0.7,07) | 2.51e-04 | 3.14e—05 1.14e-04 | 1.60e —05
(0.8,0.8) | 3.34e—04 | 4.18-05 1.88¢—04 | 2.61le—05
(0.9,09) | 435e—-04 | 544e—05 | 297¢—-04 | 4.08¢—05
(1.0,1.0) | 1.77e-04 | 1.14e-05 1.35¢ - 03 | 1.76e— 04

0.000100—T
0.000095—]
0.000000—]
0.000085—]
0.000080—]
0.000075—]
0.000070—]
0.000065—]
—
0.000060—]
0.000055—]
0.000050—]
0.000045—]
0.000040—]
0.000035—]
0.000030—]

0.000025—]
0.000020—]
0.000015—]
0.000010—]
0.000005—]

(a) The function e for N = M = 20.

(b) The function e for N = M = 40.

Figure 3.4: Plot of the absolute errors function of Example B2 for p = 3
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Table 3.6: Comparison of the absolute errors of Example B2T

(x,v) DTM Present method
(0.2,0.1) | 1.17e - 08 3.80e — 07
(0.2,0.4) | 1.48¢ — 06 3.80e — 06
(0.2,0.7) | 4.81e - 05 7.86e — 06
(0.5,0.1) | 3.69¢ — 06 5.91e - 06
(0.5,0.4) | 1.28e — 05 2.77e — 05
(0.5,0.7) | 1.06e — 04 4.81e — 05
(0.8,0.1) | 7.69¢ — 05 2.52¢ - 05
(0.8,0.4) | 1.82¢ — 04 1.02e — 04
(0.8,0.7) | 3.90e — 04 1.69¢ — 04
(1.0,0.9) | 1.85e — 03 4.12e — 04

Example 3.2.2 Consider the following linear 2D-VIEs [[]

Xy
u(x,y) =g(x,y) — j; j; sin(x — y —t + s)u(t,s)dsdt, (x,y) €[0,1)x[0,1),

where g(x,y) = (x — y + 1) cos(x + y) — (x — y) cos(x — y) is chosen so that the exact solution

is u(x, y) = cos(x + y).

The absolute errors function for p = 3 and N = M = 20 are plotted in Fig. BA.

The numerical results for p = 3 and h = k = 0.1,0.05 are compared with the numerical

results obtained by using two-dimensional orthogonal triangular functions (2D-TFs) [1] in

Table B4, we observed that the results obtained by TCM are more accuracy than the results

obtained by 2D-TFs.
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Table 3.7: Comparison of the absolute errors of Example B2

2D-TFs Present method

(x,v) N=M=10| N=M=20

(0,0) 0 0 0
(0.1,0.1) | 6.85e — 04 | 4.41e—10 5.60e — 10
(0.2,0.2) | 3.47e —04 | 4.96¢ — 10 4.52¢ — 10
(0.3,0.3) | 9.94¢ - 04 | 3.22¢-10 2.30e — 10
(0.4,0.4) | 3.88¢ —03 | 4.18¢—10 2.94¢ — 10
(0.5,0.5) | 7.68¢ — 05 | 5.30e — 09 2.07e — 09
(0.6,0.6) | 8.37¢e — 03 | 1.86e — 08 3.98¢ — 09
(0.7,0.7) | 7.65e — 03 | 6.07e — 08 9.32¢ — 09
(0.8,0.8) | 8.70e — 03 | 1.65e — 07 2.60e — 08
(0.9,0.9) | 1.50e — 02 | 3.90e — 07 6.12¢ — 08
el T

0.0000080—]
0.0000075—
0.0000070—]
0.0000065—]
0.0000060—]
0.0000055—
0.0000050—]
0.0000045—|
0.0000040—|
0.0000035—]
0.0000030—]
0.0000025—]
0.0000020—]
0.0000015—|
00000010
0.0000005—] /

o
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Figure 3.5: Plot of the absolute errors function of Example B2 forp =3, N = M = 20




CONCLUSION AND PERSPECTIVE

In this dissertation, we have developed a numerical method by using Taylor
collocation method for the numerical solution of two-dimensional Volterra integral
equations (ZIT). This method is easy to implement and the coefficients of the ap-
proximate solution are determined by iterative formulas without the need to solve any
system of algebraic equations. Moreover, many numerical examples were introduced
showing that the method is convergent with a good accuracy and the numerical results
confirmed the theoretical estimates.

Further researches will be conducted by generalizing this method to approximate

Volterra integral equations in three dimensional :

X Y Z
ulx,y,z) =g(x,y,z) + f f f K(x,y,z,t,5,1ru(t,s,r)drdsdt.
0o Jo Jo
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