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ABSTRACT

In this dissertation , Taylor collocation method is applied to obtain the approximate

solution for two-dimensional linear Volterra integral equations. An algorithm based

on the use of Taylor polynomials is developed for the numerical solution of this kind

of equations. We also provide a rigorous error analysis which justifies that the errors

of the approximate solution of the exact solution. Numerical examples are included to

prove the validity and the efficacy of the presented convergent algorithm.

Key Words: Two-dimensional Volterra integral equations; Collocation method;

Taylor polynomials.



RÉSUMÉ

Dans ce mémoire, la méthode de " Taylor collocation " est appliquée pour obtenir

la solution approchée des équations intégrales de deux dimensions de Volterra. Un

algorithme s’est basé sur l’utilisation des polynômes de Taylor sont développés pour la

solution numérique de ce type d’équations. Des exemples numériques sont présentés

pour confirmer les estimations théoriques et illustrer la convergence de la méthode.

Mots-clés: Équations intégrales de Volterra de deux dimensions; Méthode de

collocation; Polynômes de Taylor.
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INTRODUCTION

Integral equations are one of the most useful mathematical tools in both pure and

applied analysis. The first integral equation mentioned in the mathematical literature

is due to Abel. He found this equation in 1823, starting from a problem in mechanics.

He gave a very elegant solution that was published in 1826.

Starting in 1896, Vito Volterra built up a theory of integral equations, viewing

their solutions as a problem of finding the inverses of certain integral operators. In

1900, Ivar Fredholm made his famous contribution that led to a fascinating period in

the development of mathematical analysis. Poincaré, Fréchet, Hilbert, Schmidt, Hardy

and Riesz were involved in this new area of research.

Two-dimensional integral equations have significant applications in various

fields of applied science and engineering such as plasma physics, the image deblur-

ring problem and its regularization, axisymmetric contact problems for bodies with

complex rheology, diffraction theory and the electrochemical behavior of an inlaid mi-

croband electrode for the case of equal diffusion coefficients. These types of integral

equations also occur as reformulations from some mixed boundary value problems

arising in various branches of applied sciences; for example, solid and fluid mechanics,

electrostatics, heat transfer, diffraction and scattering of waves, etc.
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Introduction

The main purpose of this work is to find an approximate solution for linear

two-dimensional Volterra integral equations (2D-VIEs) based on the Taylor collocation

method (TCM).

The collocation method is based on the idea of approaching the exact solution

of a given integral equation using a suitable function belonging to a chosen finite-

dimensional space. The approximate solution must satisfy the integral equation on

a certain subset of the interval (called the set of collocation points). We consider as

space of approximation the space of the spline polynomials : S(−1)
p−1,p−1(ΠN,M) defined as

in (2.1.2). The main advantages of this method are :

- This method is direct and the approximate solution is given by using explicit

formulas;

- This method has a convergence order;

- There is no algebraic system needed to be solved, which makes the proposed

algorithm very effective and easy to implement.

Our dissertation is organized as follows :

- The first chapter : We provide the fundamental notions, definitions and some

necessary theorems will be needed for the following chapter, such as the Taylor

series, Leibnitz rule, and Comparison theorems...

- The second chapter : We give an algorithm for solving linear 2D-VIEs using

the Taylor collocation method. We prove the convergence of the approximate

solution to the exact solution.

- The third chapter : We give some numerical examples to illustrate the theoretical

results obtained in the previous chapter. In each example, we calculate the error

for different values of N,M and p between u and the Taylor collocation solution

v. We compare our results with another method.

4



CHAPTER 1

PRELIMINARY AND AUXILIARY

RESULTS
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Preliminary and auxiliary results

In this chapter, we define some necessary notions and theories, such as the Tay-

lor series, integral equations and comparison theorems which will demonstrate the

convergence of the approximate solutions.

1.1 Taylor series

Definition 1.1.1 For a function of two variables f (x, y) whose partials all exist to the nth par-

tials at the point (a, b), the nth-degree Taylor polynomial of f for (x, y) near the point (a, b) is :

Pn(x, y) =
n∑

i=0

n−i∑
j=0

1
i! j!
∂i+ j f (a, b)
∂xi∂y j (x − a)i(y − b) j .

Example 1.1.1 For a function of two variables f (x, y) = xey + 1 whose first, second and third

partials exist at the point (1, 0). The third-degree Taylor polynomial of f around the point (1, 0)

is :

p3(x, y) = f (1, 0) +
∂ f (1, 0)
∂y

y +
∂ f (1, 0)
∂x

(x − 1)

+
1
2!
∂2 f (1, 0)
∂y2 y2 +

∂2 f (1, 0)
∂x∂y

(x − 1)y +
1
2!
∂2 f (1, 0)
∂x2 (x − 1)2

+
1
3!
∂3 f (1, 0)
∂y3 y3 +

1
2!
∂3 f (1, 0)
∂x∂y2 (x − 1)y2 +

1
2!
∂3 f (1, 0)
∂x2∂y

(x − 1)2y +
1
3!
∂3 f (1, 0)
∂x3 (x − 1)3

=1 + x +
1
2

y +
1
2

y2 +
1
2

x2y +
1
6

y3.

Theorem 1.1.1 (Taylor’s Theorem for functions of two independent variables[5]) Let f be p

times continuously differentiable on D = [a, b] × [c, d] and let (x0, y0) ∈ D. Then for all

(x, y) ∈ D, we have

f (x, y) =
p−1∑

i+ j=0

1
i! j!
∂i+ j f (x0, y0)
∂xi∂y j (x − x0)i(y − y0) j +

∑
i+ j=p

1
i! j!
∂i+ j f (x1, y1)
∂xi∂y j (x − x0)i(y − y0) j,
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Preliminary and auxiliary results

where  x1 = θx + (1 − θ)x0 ∈ [a, b],

y1 = θy + (1 − θ)y0 ∈ [c, d],
θ ∈ (0, 1).

1.2 Classification of integral equations

An integral equation is the equation in which the unknown function u(x, y) appears

inside an integral. The most standard type of two-dimensional integral equation in

u(x, y) is of the form :

u(x, y) = f (x, y) + λ
∫ h(x)

1(x)

∫ l(y)

k(y)
K(x, y, t, s,u(t, s))dsdt, (1.2.1)

and if equation (1.2.1) is linear then it becomes

u(x, y) = f (x, y) + λ
∫ h(x)

1(x)

∫ l(y)

k(y)
K(x, y, t, s)u(t, s)dsdt,

where 1(x), h(x), k(y) and l(y) are the limits of integration, may be variables, constants,

or mixed, λ is a constant parameter, and K(x, y, t, s) is a known function, called the

kernel or the nucleus of the integral equation. The unknown function u(x, y) that will

be determined appears inside the integral sign. In many other cases, the unknown

function u(x, y) appears inside and outside the integral sign. The functions f (x, y) and

K(x, y, t, s) are given in advance. Integral equations appear in many types. The types

depend mainly on the limits of integration and the kernel of the equation. In this text

we will be concerned on the following types of integral equations.
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Preliminary and auxiliary results

Fredholm integral equations

For Fredholm integral equations, the limits of integration are fixed. Moreover, the

unknown function u(x, y) may appear only inside integral equation in the form :

f (x, y) = λ
∫ b

a

∫ d

c
K(x, y, t, s)u(t, s)dsdt.

This is called Fredholm integral equation of the first kind. However, for Fredholm

integral equations of the second kind, the unknown function u(x, y) appears inside and

outside the integral sign. The second kind is represented by the form :

u(x, y) = f (x, y) + λ
∫ b

a

∫ d

c
K(x, y, t, s)u(t, s)dsdt.

Volterra integral equations

In Volterra integral equations, at least one of the limits of each integration is a variable.

For the first kind Volterra integral equations, the unknown function u(x, y) appears

only inside integral sign in the form :

f (x, y) =
∫ x

a

∫ y

c
K(x, y, t, s)u(t, s)dsdt.

However, Volterra integral equations of the second kind, the unknown function u(x, y)

appears inside and outside the integral sign. The second kind is represented by the

form :

u(x, y) = f (x, y) + λ
∫ x

a

∫ y

c
K(x, y, t, s)u(t, s)dsdt.

Volterra-Fredholm integral equations

The Volterra-Fredholm integral equations arise from parabolic boundary value prob-

lems, from the mathematical modelling of the spatio-temporal development of an

epidemic, and from various physical and biological models.

8



Preliminary and auxiliary results

The Volterra-Fredholm integral equations appear in the literature in two forms :

u(x, y) = f (x, y) + λ1

∫ x

a

∫ y

b
K1(x, y, t, s)u(t, s)dsdt + λ2

∫ d

c

∫ f

e
K2(x, y, t, s)u(t, s)dsdt,

and

u(x, t) = f (x, t) + λ
∫ t

0

∫
Ω

F(x, t, ξ, τ,u(ξ, τ))dξdτ ; (x, t) ∈ Ω × [0; T],

where f (x, t) and F(x, t, ξ, τ,u(ξ, τ)) are analytic functions on D = Ω × [0; T], and Ω is

a closed subset of Rn, n = 1, 2, 3. It is interesting to note that the first equation con-

tains disjoint Volterra and Fredholm integral equations, whereas the second equation

contains mixed Volterra and Fredholm integral equations.

Remark 1.2.1 Integral equations of the second kind are classified as homogeneous or inho-

mogeneous, if the function f (x, y) in the second kind of Volterra or Fredholm integral equations

is identically zero, the equation is called homogeneous. Otherwise it is called inhomogeneous.

Notice that this property holds for equations of the second kind only.

Examples 1.2.1 To clarify these concepts we consider the following equations :

1. Linear Fredholm integral equation of the first kind

2 − (x − y)(e2 + 1) − 2e(x + y + 1) =
∫ 1

0

∫ 1

0
(s + t + x + y)u(t, s)dsdt.

2. Linear Fredholm integral equation of the second kind (inhomgeneous)

u(x, y) =
1

(1 + x + y)2 −
x

6(8 + y)
+

∫ 1

0

∫ 1

0

x
(8 + y)(1 + t + s)

u(t, s)dsdt,

where (x, y) ∈ [0, 1) × [0, 1).

3. Linear Volterra integral equation of the first kind

x2y2 + 2 sin(xy) − 2xy cos(xy)
2y2 sin(y) =

∫ x

0

∫ y

0
(sin(xy) + 1)u(t, s)dsdt,

where (x, y) ∈ [0, 1] × [0, 1].

9



Preliminary and auxiliary results

4. Linear Volterra integral equation of the second kind (homogeneous)

u(x, y) =
∫ x

0

∫ y

0
(e(x)t − 1)u(t, s)dsdt,

where (x, y) ∈ [0, 1] × [0, 1].

5. Nonlinear Volterra integral equation of the second kind (inhomogeneous)

u(x, y) = x2 + y2 − xy
xy(9x4 + 10x2y2 + 9y4)

45
+

∫ x

0

∫ y

0
u2(t, s)dsdt,

where (x, y) ∈ [0, 1] × [0, 1].

6. Mixed Volterra and Fredholm integral equation of the second kind

u(x, y) = y2 − 13
15

xy − 2
15

x4y +
∫ x

−1

∫ 1

−1
xyt2s2u(t, s)dsdt.

7. Disjoint Volterra and Fredholm integral equation of the second kind

u(x, y) = 2ex+y+4 − 1 +
∫ x

0

∫ y

0
u(t, s)dsdt + 16

∫ 1

0

∫ 1

0
ex+y+s+t[u(t, s)]3dsdt.

1.3 Leibnitz rule for differentiation of integrals

Let f (x, t) be continuous and
∂ f
∂t

be continuous in a domain of the x − t plane that

includes the rectangle a ≤ x ≤ b , t0 ≤ t ≤ t1, and let

F(x) =
∫ h(x)

1(x)
f (x, t)dt, (1.3.1)

then differentiation of the integral in (1.3.1) exists and is given by

F′(x) =
dF
dx
= f (x, h(x))

dh(x)
dx
− f (x, 1(x))

d1(x)
dx
+

∫ h(x)

1(x)

∂ f (x, t)
∂x

dt. (1.3.2)

10



Preliminary and auxiliary results

If 1(x) = a and h(x) = b where a and b are constants, then the Leibnitz rule (1.3.2) reduces

to :

F′(x) =
dF
dx
=

∫ b

a

∂ f (x, t)
∂x

dt, (1.3.3)

which means that differentiation and integration can be interchanged such as

d
dx

∫ b

a
extdt =

∫ b

a
textdt.

We illustrate the Leibnitz rule by the following examples :

Example 1.3.1 Consider the integral equation

F(x) =
∫ x2

x
ln(1 + t2)dt,

by using the rule of Leibnitz, we find

F′(x) = 2xln(1 + x4) − ln(1 + x2).

Example 1.3.2 Consider the integral equation

F(x, y) =
∫ x

0

∫ y

0
xyet−sF(t, s)dsdt, (1.3.4)

we differentiate equation(1.3.4) with respect to y, we obtain

∂F(x, y)
∂y

=

∫ x

0
xyet−yF(t, y)dt +

∫ x

0

∫ y

0
xet−sF(t, s)dsdt. (1.3.5)

Now, we differentiate equation(1.3.5) with respect to x, we obtain

∂2F(x, y)
∂x∂y

=xyex−yF(x, y) +
∫ x

0
yet−yF(t, y)dt

+

∫ y

0
xex−sF(x, s)ds +

∫ x

0

∫ y

0
et−sF(t, s)dsdt.

11
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1.4 Piecewise polynomial spaces

Let ΠN = {tn : 0 = t0 < t1 < ... < tN = T}, denote a mesh (grid) on the given interval

I = [0,T], where the stepsize is given by h = T
N .

Define the subintervals σn = [tn, tn+1] for n = 0, 1, ...,N − 1.

Definition 1.4.1 For a given mesh ΠN the piecewise polynomial space S(d)
µ (ΠN) with

µ ≥ 0,−1 ≤ d ≤ µ , is given by

S(d)
µ (ΠN) = {υ ∈ Cd(I) : υ|σn ∈ πµ(0 ≤ n ≤ N − 1)}.

Here, πµ denotes the space of (real) polynomials of degree not exceeding µ.

It is readily verified that S(d)
µ (ΠN) is a (real) linear vector space whose dimension is given by

dim S(d)
µ (ΠN) = N(µ − d) + d + 1.

Remark 1.4.1 The choice of the degree of regularity d will be governed by the number of

prescribed initial conditions, for Volterra integral equations (no initial condition) we choose

d = −1.

The particular piecewise polynomial space S(−1)
p−1,p−1(ΠN,M) of bivariate polynomial spline func-

tions of order p (degree p-1) in x and order q (degree q-1) in y is a tensor-product space based

on the univariate spline spaces S(−1)
p (ΠN) and S(−1)

q (ΠM). An element of this space has jumped

discontinuities at the interior grid lines x = xn(n = 1, ...,N − 1) and y = ym(m = 1, ...,M− 1).

1.5 Collocation method

A collocation method is based on the idea of approximating the exact solution of a

given integral equation with a suitable function belonging to a chosen finite dimen-

sional space such that the approximated solution satisfies the integral equation on a

certain subset of the interval on which the equation has to be solved (called the set of col-

location points ). Here We consider as the approximating space the polynomial spline

12



Preliminary and auxiliary results

space. In order to describe the relevant collocation method for given N , letΠN be a uni-

form partition of a bounded interval I = [0,T] with gride points tn = nh,n = 0, 1, ...,N,

where h = T
N be the stepsize. Define the subintervals δn = [tn, tn+1] ,n = 0, ...,N − 1.

We define the real polynomial spline space of degree p − 1 as follow :

S(−1)
p−1 (ΠN) = {v : vn = v|Dn ∈ πp−1,n = 0, ...,N − 1}.

The main advantages of Taylor collocation method are :

i) This method is direct and the approximate solution is given by using explicit formulas.

ii) This method has a convergence order.

iii) There is no algebraic system needed to be solved, which makes the proposed

algorithm very effective and easy to implement.

1.6 Comparison theorems

Lemma 1.6.1 (Wendroff’s inequality [9]) Let f and u be continuous and non-negative functions

defined on [a, b]× [c, d], and let 1 be non-negative and two continuously differentiable function

on [a, b] × [c, d] × [a, b] × [c, d]. Then the inequality

u(x, y) ≤ f (x, y) +
∫ x

a

∫ y

c
1(x, y, t, s)u(t, s)dsdt, (x, y) ∈ [a, b] × [c, d],

implies that

u(x, y) ≤ f (x, y) exp
(∫ x

a

∫ y

c
R(t, s)dsdt

)
, (x, y) ∈ [a, b] × [c, d],

where

R(x, y) =1(x, y, x, y) +
∫ x

a
∂11(x, y, t, y)dt

13



Preliminary and auxiliary results

+

∫ y

b
∂21(x, y, x, s)ds +

∫ x

a

∫ y

c
∂2∂11(x, y, t, s)dsdt.

Lemma 1.6.2 (Discrete Gronwall-type inequality [3]) Let {k j}nj=0 be a given non-negative se-

quence and the sequence {εn} satisfies ε0 ≤ p0 and

εn ≤ p0 +

n−1∑
i=0

kiεi, n ≥ 1,

with p0 ≥ 0. Then εn can be bounded by

εn ≤ p0 exp

 n−1∑
j=0

k j

 , n ≥ 1.

Lemma 1.6.3 (Sugiyama’s inequality [11] ) Let ε(n), a(n) and b(n) be non-negative sequences.

If ε(n) satisfies

ε(n) ≤ a(n) +
n−1∑
s=0

b(s)ε(s),

for all n ∈N. Then

ε(n) ≤ a(n) +
n−1∑
s=0

a(s)b(s)
n−1∏
σ=s+1

[1 + b(σ)] , n ∈N.

Lemma 1.6.4 (Pachpatte’s inequality [10] ) Let ε(n,m), a(n,m) and b(n,m) be non-negative

sequences such that a(n,m) is nondecreasing in each variable n and m. If ε(n,m) satisfies

ε(n,m) ≤ a(n,m) +
n−1∑
s=0

m−1∑
t=0

b(s, t)ε(s, t),

for all n,m ∈N. Then

ε(n,m) ≤ a(n,m)
n−1∏
s=0

1 + m−1∑
t=0

b(s, t)

 , n,m ∈N.
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Description, study of convergence and error of the numerical method

In this chapter, we apply a direct collocation method based on the use of Taylor

polynomials to approximate the solution of linear two-dimensional Volterra integral

equations in the polynomial spline S(−1)
p−1,p−1(ΠN,M). The approximate solution is given

by using iterative formulas, and we prove the convergence of the approximate solution

to the exact solution.

2.1 Description of the method

We consider a linear two-dimensional Volterra integral equation of the form :

u(x, y) = 1(x, y) +
∫ x

0

∫ y

0
K(x, y, t, s)u(t, s)dsdt, (x, y) ∈ D, (2.1.1)

where the functions 1 and K are given (real-valued) continuous functions defined,

respectively, on D := [0, a] × [0, b] ⊂ R2 and S := {(x, y, t, s) : 0 ≤ t ≤ x ≤ a, 0 ≤ s ≤ y ≤ b}.
It follows from the classical theory of Volterra that (2.1.1) possesses a unique solution

u ∈ C(D).

Let ΠN = {xi = ih, i = 0, 1, ...,N} and ΠM = {y j = jk, j = 0, 1, ...,M} denote, respectively,

uniform partitions of the intervals [0, a] and [0, b] with the stepsizes are given by h = a
N

and k = b
M . These partitions defined a grid for D

ΠN,M = ΠN ×ΠM = {(xn, ym), 0 ≤ n ≤ N, 0 ≤ m ≤M}.

Set the subintervals

σn = [xn; xn+1),n = 0, 1, ...,N − 2; σN−1 = [xN−1, xN],

δm = [ym; ym+1),m = 0, 1, ...,M − 2; δM−1 = [yM−1, yM],

and Dn,m := σn × δm for all n = 0, 1, ...,N − 1; m = 0, 1, ...,M − 1.

Moreover, denote by πp−1,p−1 the set of all real polynomials of degree not exceeding p−1

in x and y. We define the real polynomial spline space of degree p − 1 in x and y as

16



Description, study of convergence and error of the numerical method

follows :

S(−1)
p−1,p−1(ΠN,M) = {v : vn,m = v|Dn,m ∈ πp−1,p−1,n = 0, ...,N − 1; m = 0, 1, ...,M − 1}. (2.1.2)

This is the space of bivariate polynomial spline functions of degree (at most) p − 1 in x

and y. Its dimension is NMp2, i.e., the same as the total number of the coefficients of

the polynomials vn,m,n = 0, ...,N − 1; m = 0, 1, ...,M − 1. To find these coefficients, we

use Taylor polynomial on each rectangle. Note that the solution u of (2.1.1) is known

on part of the boundary of D :

u(x, y) = 1(x, 0) if 0 ≤ x ≤ a and y = 0,

u(x, y) = 1(0, y) if 0 ≤ y ≤ b and x = 0.

First, we approximate u in the rectangle D0,0 by the polynomial

v0,0(x, y) =
p−1∑

i+ j=0

1
i! j!
∂i+ ju(0, 0)
∂xi∂y j xiy j ; (x, y) ∈ D0,0, (2.1.3)

where
∂i+ ju(0, 0)
∂xi∂y j is the exact value of

∂i+ ju
∂xi∂y j at point (0, 0).

To find
∂ ju(x, y)
∂y j , we differentiate equation (2.1.1) j-times with respect to y

∂ ju(x, y)
∂y j = ∂( j)

2 1(x, y) +
∫ x

0

j−1∑
r=0

∂r

∂yr [∂( j−1−r)
2 K(x, y, t, y)u(t, y)]dt

+

∫ x

0

∫ y

0
∂( j)

2 K(x, y, t, s)u(t, s)dsdt

= ∂( j)
2 1(x, y) +

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ x

0

∂r−l

∂yr−l
[∂( j−1−r)

2 K(x, y, t, y)]
∂lu(t, y)
∂yl

dt

+

∫ x

0

∫ y

0
∂( j)

2 K(x, y, t, s)u(t, s)dsdt. (2.1.4)

Now, we differentiate equation (2.1.4) i-times with respect to x, we obtain

∂i+ ju(x, y)
∂xi∂y j =∂(i)

1 ∂
( j)
2 1(x, y)
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+

j−1∑
r=0

r∑
l=0

(
r
l

) i−1∑
q=0

∂q

∂xq

[
∂i−1−q

∂xi−1−q

∣∣∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂( j−1−r)

2 K(x, y, t, y)
]) ∂lu(x, y)

∂yl

]

+

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ x

0

∂i

∂xi

[
∂r−l

∂yr−l
[∂( j−1−r)

2 K(x, y, t, y)]
]
∂lu(t, y)
∂yl

dt

+

∫ y

0

i−1∑
q=0

∂q

∂xq

[
∂(i−1−q)

1 ∂( j)
2 K(x, y, x, s)u(x, s)

]
ds

+

∫ x

0

∫ y

0
∂(i)

1 ∂
( j)
2 K(x, y, t, s)u(t, s)dsdt,

which implies,

∂i+ ju(x, y)
∂xi∂y j = ∂(i)

1 ∂
( j)
2 1(x, y)

+

j−1∑
r=0

r∑
l=0

i−1∑
q=0

q∑
η=0

(
r
l

)(
q
η

)
∂q−η

∂xq−η

[
∂i−1−q

∂xi−1−q

∣∣∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂( j−1−r)

2 K(x, y, t, y)
])] ∂l+ηu(x, y)

∂xη∂yl

+

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ x

0

∂i

∂xi

[
∂r−l

∂yr−l
[∂( j−1−r)

2 K(x, y, t, y)]
]
∂lu(t, y)
∂yl

dt

+

i−1∑
q=0

q∑
η=0

(
q
η

) ∫ y

0

∂q−η

∂xq−η

[
∂(i−1−q)

1 ∂( j)
2 K(x, y, x, s)

] ∂ηu(x, s)
∂xη

ds

+

∫ x

0

∫ y

0
∂(i)

1 ∂
( j)
2 K(x, y, t, s)u(t, s)dsdt.

Hence,

∂i+ ju(0, 0)
∂xi∂y j = ∂(i)

1 ∂
( j)
2 1(0, 0)

+

j−1∑
r=0

r∑
l=0

i−1∑
q=0

q∑
η=0

(
r
l

)(
q
η

)
∂q−η

∂xq−η

[
∂i−1−q

∂xi−1−q

∣∣∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂( j−1−r)

2 K(x, y, t, y)
])]

x=y=0

∂l+ηu(0, 0)
∂xη∂yl

.

Second, we approximate u in the rectangles Dn,0,n = 1, ...,N − 1 by the polynomials

vn,0(x, y) =
p−1∑

i+ j=0

1
i! j!
∂i+ jv̂n,0(xn, 0)
∂xi∂y j (x − xn)iy j ; (x, y) ∈ Dn,0, (2.1.5)
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Description, study of convergence and error of the numerical method

where v̂n,0 is the exact solution of the integral equation :

v̂n,0(x, y) = 1(x, y) +
n−1∑
ξ=0

∫ xξ+1

xξ

∫ y

0
K(x, y, t, s)vξ,0(t, s)dsdt

+

∫ x

xn

∫ y

0
K(x, y, t, s)v̂n,0(t, s)dsdt.

(2.1.6)

To find
∂ jv̂n,0(x, y)
∂y j , we differentiate equation (2.1.6) j-times with respect to y

∂ jv̂n,0(x, y)
∂y j = ∂( j)

2 1(x, y) +
n−1∑
ξ=0

∫ xξ+1

xξ

j−1∑
r=0

∂r

∂yr [∂( j−1−r)
2 K(x, y, t, y)vξ,0(t, y)]dt

+

n−1∑
ξ=0

∫ xξ+1

xξ

∫ y

0
∂( j)

2 K(x, y, t, s)vξ,0(t, s)dsdt

+

∫ x

xn

j−1∑
r=0

∂r

∂yr [∂( j−1−r)
2 K(x, y, t, y)v̂n,0(t, y)]dt

+

∫ x

xn

∫ y

0
∂( j)

2 K(x, y, t, s)v̂n,0(t, s)dsdt

= ∂( j)
2 1(x, y) +

n−1∑
ξ=0

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ xξ+1

xξ

∂r−l

∂yr−l
[∂( j−1−r)

2 K(x, y, t, y)]
∂lvξ,0(t, y)
∂yl

dt

+

n−1∑
ξ=0

∫ xξ+1

xξ

∫ y

0
∂( j)

2 K(x, y, t, s)vξ,0(t, s)dsdt

+

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ x

xn

∂r−l

∂yr−l
[∂( j−1−r)

2 K(x, y, t, y)]
∂lv̂n,0(t, y)
∂yl

dt

+

∫ x

xn

∫ y

0
∂( j)

2 K(x, y, t, s)v̂n,0(t, s)dsdt. (2.1.7)

Now, we differentiate equation (2.1.7) i-times with respect to x, we obtain

∂i+ jv̂n,0(x, y)
∂xi∂y j =∂(i)

1 ∂
( j)
2 1(x, y)

+

n−1∑
ξ=0

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ xξ+1

xξ

∂i

∂xi

[
∂r−l

∂yr−l
[∂( j−1−r)

2 K(x, y, t, y)]
]
∂lvξ,0(t, y)
∂yl

dt
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+

n−1∑
ξ=0

∫ xξ+1

xξ

∫ y

0
∂(i)

1 ∂
( j)
2 K(x, y, t, s)vξ,0(t, s)dsdt

+

j−1∑
r=0

r∑
l=0

(
r
l

) i−1∑
q=0

∂q

∂xq

[
∂i−1−q

∂xi−1−q

∣∣∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂( j−1−r)

2 K(x, y, t, y)
]) ∂lv̂n,0(x, y)

∂yl

]

+

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ x

xn

∂i

∂xi

[
∂r−l

∂yr−l
[∂( j−1−r)

2 K(x, y, t, y)]
]
∂lv̂n,0(t, y)
∂yl

dt

+

∫ y

0

i−1∑
q=0

∂q

∂xq

[
∂(i−1−q)

1 ∂( j)
2 K(x, y, x, s)v̂n,0(x, s)

]
ds

+

∫ x

xn

∫ y

0
∂(i)

1 ∂
( j)
2 K(x, y, t, s)v̂n,0(t, s)dsdt,

which implies,

∂i+ jv̂n,0(x, y)
∂xi∂y j = ∂(i)

1 ∂
( j)
2 1(x, y)

+

n−1∑
ξ=0

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ xξ+1

xξ

∂i

∂xi

[
∂r−l

∂yr−l
[∂( j−1−r)

2 K(x, y, t, y)]
]
∂lvξ,0(t, y)
∂yl

dt

+

n−1∑
ξ=0

∫ xξ+1

xξ

∫ y

0
∂(i)

1 ∂
( j)
2 K(x, y, t, s)vξ,0(t, s)dsdt

+

j−1∑
r=0

r∑
l=0

i−1∑
q=0

q∑
η=0

(
r
l

)(
q
η

)
∂q−η

∂xq−η

[
∂i−1−q

∂xi−1−q

∣∣∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂( j−1−r)

2 K(x, y, t, y)
])] ∂l+ηv̂n,0(x, y)

∂xη∂yl

+

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ x

xn

∂i

∂xi

[
∂r−l

∂yr−l
[∂( j−1−r)

2 K(x, y, t, y)]
]
∂lv̂n,0(t, y)
∂yl

dt

+

i−1∑
q=0

q∑
η=0

(
q
η

) ∫ y

0

∂q−η

∂xq−η

[
∂(i−1−q)

1 ∂( j)
2 K(x, y, x, s)

] ∂ηv̂n,0(x, s)
∂xη

ds

+

∫ x

xn

∫ y

0
∂(i)

1 ∂
( j)
2 K(x, y, t, s)v̂n,0(t, s)dsdt.

(2.1.8)

Hence,

∂i+ jv̂n,0(xn, 0)
∂xi∂y j = ∂(i)

1 ∂
( j)
2 1(xn, 0)
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+

n−1∑
ξ=0

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ xξ+1

xξ

∂i

∂xi

[
∂r−l

∂yr−l
[∂( j−1−r)

2 K(x, y, t, y)]
]

x=xn,y=0

∂lvξ,0(t, 0)
∂yl

dt

+

j−1∑
r=0

r∑
l=0

i−1∑
q=0

q∑
η=0

(
r
l

)(
q
η

)
∂q−η

∂xq−η

[
∂i−1−q

∂xi−1−q

∣∣∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂( j−1−r)

2 K(x, y, t, y)
])]

x=xn,y=0

∂l+ηv̂n,0(xn, 0)
∂xη∂yl

.

Third, we approximate u by vn,m in the rectangles Dn,m,n = 0, ...,N−1 and m = 1, ...,M−1

such that,

vn,m(x, y) =
p−1∑

i+ j=0

1
i! j!
∂i+ jv̂n,m(xn, ym)
∂xi∂y j (x − xn)i(y − ym) j ; (x, y) ∈ Dn,m, (2.1.9)

where v̂n,m is the exact solution of the integral equation :

v̂n,m(x, y) = 1(x, y) +
n−1∑
ξ=0

m−1∑
ρ=0

∫ xξ+1

xξ

∫ yρ+1

yρ
K(x, y, t, s)vξ,ρ(t, s)dsdt

+

n−1∑
ξ=0

∫ xξ+1

xξ

∫ y

ym

K(x, y, t, s)vξ,m(t, s)dsdt

+

m−1∑
ρ=0

∫ x

xn

∫ yρ+1

yρ
K(x, y, t, s)vn,ρ(t, s)dsdt

+

∫ x

xn

∫ y

ym

K(x, y, t, s)v̂n,m(t, s)dsdt.

(2.1.10)

To find
∂ jv̂n,m(x, y)
∂y j , we differentiate equation (2.1.10) j-times with respect to y

∂ jv̂n,m(x, y)
∂y j =∂( j)

2 1(x, y) +
n−1∑
ξ=0

m−1∑
ρ=0

∫ xξ+1

xξ

∫ yρ+1

yρ
∂( j)

2 K(x, y, t, s)vξ,ρ(t, s)dsdt

+

n−1∑
ξ=0

∫ xξ+1

xξ

j−1∑
r=0

∂r

∂yr

[
∂( j−1−r)

2 K(x, y, t, y)vξ,m(t, y)
]

dt

+

n−1∑
ξ=0

∫ xξ+1

xξ

∫ y

ym

∂( j)
2 K(x, y, t, s)vξ,m(t, s)dsdt

+

m−1∑
ρ=0

∫ x

xn

∫ yρ+1

yρ
∂( j)

2 K(x, y, t, s)vn,ρ(t, s)dsdt
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+

∫ x

xn

j−1∑
r=0

∂r

∂yr

[
∂( j−1−r)

2 K(x, y, t, y)v̂n,m(t, y)
]

dt

+

∫ x

xn

∫ y

ym

∂( j)
2 K(x, y, t, s)v̂n,m(t, s)dsdt

=∂( j)
2 1(x, y) +

n−1∑
ξ=0

m−1∑
ρ=0

∫ xξ+1

xξ

∫ yρ+1

yρ
∂( j)

2 K(x, y, t, s)vξ,ρ(t, s)dsdt

+

n−1∑
ξ=0

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ xξ+1

xξ

∂r−l

∂yr−l

[
∂( j−1−r)

2 K(x, y, t, y)
] ∂lvξ,m(t, y)

∂yl
dt

+

n−1∑
ξ=0

∫ xξ+1

xξ

∫ y

ym

∂( j)
2 K(x, y, t, s)vξ,m(t, s)dsdt

+

m−1∑
ρ=0

∫ x

xn

∫ yρ+1

yρ
∂( j)

2 K(x, y, t, s)vn,ρ(t, s)dsdt

+

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ x

xn

∂r−l

∂yr−l

[
∂( j−1−r)

2 K(x, y, t, y)
] ∂lvξ,m(t, y)

∂yl
dt

+

∫ x

xn

∫ y

ym

∂( j)
2 K(x, y, t, s)v̂n,m(t, s)dsdt. (2.1.11)
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Now, we differentiate equation (2.1.11) i-times with respect to x, we obtain

∂i+ jv̂n,m(x, y)
∂xi∂y j = ∂(i)

1 ∂
( j)
2 1(x, y) +

n−1∑
ξ=0

m−1∑
ρ=0

∫ xξ+1

xξ

∫ yρ+1

yρ
∂(i)

1 ∂
( j)
2 K(x, y, t, s)vξ,ρ(t, s)dsdt

+

n−1∑
ξ=0

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ xξ+1

xξ

∂i

∂xi

[
∂r−l

∂yr−l
[∂( j−1−r)

2 K(x, y, t, y)]
]
∂lvξ,m(t, y)
∂yl

dt

+

n−1∑
ξ=0

∫ xξ+1

xξ

∫ y

ym

∂(i)
1 ∂

( j)
2 K(x, y, t, s)vξ,m(t, s)dsdt

+

m−1∑
ρ=0

i−1∑
q=0

∫ yρ+1

yρ

∂q

∂xq

[
∂(i−1−q)

1 ∂( j)
2 K(x, y, x, s)vn,ρ(x, s)

]
ds

+

m−1∑
ρ=0

∫ x

xn

∫ yρ+1

yρ
∂(i)

1 ∂
( j)
2 K(x, y, t, s)vn,ρ(t, s)dsdt

+

j−1∑
r=0

r∑
l=0

i−1∑
q=0

(
r
l

)
∂q

∂xq

[
∂i−1−q

∂xi−1−q

∣∣∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂( j−1−r)

2 K(x, y, t, y)
]) ∂lv̂n,m(x, y)

∂yl

]

+

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ x

xn

∂i

∂xi

[
∂r−l

∂yr−l
[∂( j−1−r)

2 K(x, y, t, y)]
]
∂lv̂n,m(t, y)
∂yl

dt

+

i−1∑
q=0

∫ y

ym

∂q

∂xq

[
∂(i−1−q)

1 ∂( j)
2 K(x, y, x, s)v̂n,m(x, s)

]
ds

+

∫ x

xn

∫ y

ym

∂(i)
1 ∂

( j)
2 K(x, y, t, s)v̂n,m(t, s)dsdt,
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which implies,

∂i+ jv̂n,m(x, y)
∂xi∂y j = ∂(i)

1 ∂
( j)
2 1(x, y) +

n−1∑
ξ=0

m−1∑
ρ=0

∫ xξ+1

xξ

∫ yρ+1

yρ
∂(i)

1 ∂
( j)
2 K(x, y, t, s)vξ,ρ(t, s)dsdt

+

n−1∑
ξ=0

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ xξ+1

xξ

∂i

∂xi

[
∂r−l

∂yr−l
[∂( j−1−r)

2 K(x, y, t, y)]
]
∂lvξ,m(t, y)
∂yl

dt

+

n−1∑
ξ=0

∫ xξ+1

xξ

∫ y

ym

∂(i)
1 ∂

( j)
2 K(x, y, t, s)vξ,m(t, s)dsdt

+

m−1∑
ρ=0

i−1∑
q=0

q∑
η=0

(
q
η

) ∫ yρ+1

yρ

∂q−η

∂xq−η

[
∂(i−1−q)

1 ∂( j)
2 K(x, y, x, s)

] ∂ηvn,ρ(x, s)
∂xη

ds

+

m−1∑
ρ=0

∫ x

xn

∫ yρ+1

yρ
∂(i)

1 ∂
( j)
2 K(x, y, t, s)vn,ρ(t, s)dsdt

+

j−1∑
r=0

r∑
l=0

i−1∑
q=0

q∑
η=0

(
r
l

)(
q
η

)
∂q−η

∂xq−η

[
∂i−1−q

∂xi−1−q

∣∣∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂( j−1−r)

2 K(x, y, t, y)
])] ∂l+ηv̂n,m(x, y)

∂xη∂yl

+

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ x

xn

∂i

∂xi

[
∂r−l

∂yr−l
[∂( j−1−r)

2 K(x, y, t, y)]
]
∂lv̂n,m(t, y)
∂yl

dt

+

i−1∑
q=0

q∑
η=0

(
q
η

) ∫ y

ym

∂q−η

∂xq−η

[
∂(i−1−q)

1 ∂( j)
2 K(x, y, x, s)

] ∂ηv̂n,m(x, s)
∂xη

ds

+

∫ x

xn

∫ y

ym

∂(i)
1 ∂

( j)
2 K(x, y, t, s)v̂n,m(t, s)dsdt.

(2.1.12)

Hence,

∂i+ jv̂n,m(xn, ym)
∂xi∂y j = ∂(i)

1 ∂
( j)
2 1(xn, ym) +

n−1∑
ξ=0

m−1∑
ρ=0

∫ xξ+1

xξ

∫ yρ+1

yρ
∂(i)

1 ∂
( j)
2 K(xn, ym, t, s)vξ,ρ(t, s)dsdt

+

n−1∑
ξ=0

j−1∑
r=0

r∑
l=0

(
r
l

) ∫ xξ+1

xξ

∂i

∂xi

[
∂r−l

∂yr−l
[∂( j−1−r)

2 K(x, y, t, y)]
]

x=xn,y=ym

∂lvξ,m(t, ym)
∂yl

dt

+

m−1∑
ρ=0

i−1∑
q=0

q∑
η=0

(
q
η

) ∫ yρ+1

yρ

∂q−η

∂xq−η

[
∂(i−1−q)

1 ∂( j)
2 K(x, y, x, s)

]
x=xn,y=ym

∂ηvn,ρ(xn, s)
∂xη

ds

+

j−1∑
r=0

r∑
l=0

i−1∑
q=0

q∑
η=0

(
r
l

)(
q
η

)
∂q−η

∂xq−η

[
∂i−1−q

∂xi−1−q

∣∣∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂( j−1−r)

2 K(x, y, t, y)
])]

x=xn,y=ym

∂l+ηv̂n,m(xn, ym)
∂xη∂yl

,
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Description, study of convergence and error of the numerical method

for n = 0, ...,N − 1 and m = 1, ...,M − 1.

2.2 Convergence analysis

We consider the space L∞(D) with the norm

∥∥∥φ∥∥∥
L∞(D)

= inf
{
C ∈ R :

∣∣∣φ(x, y)
∣∣∣ ≤ C for a.e. (x, y) ∈ D

}
< ∞.

We need the following lemma to prove the convergence of the presented method.

Lemma 2.2.1 Let 1 and K be p times continuously differentiable on their respective domains.

Then, there exists a positive number α(p) such that for all n = 0, . . . ,N − 1, m = 0, . . . ,M − 1

and i + j = 0, 1, ..., p, we have, ∥∥∥∥∥∥∂i+ jv̂n,m

∂xi∂y j

∥∥∥∥∥∥
L∞(Dn,m)

≤ α(p),

where v̂0,0(x, y) = u(x, y) for (x, y) ∈ D0,0.

Proof. Let ai, j
n,m = ∥∂

i+ jv̂n,m

∂xi∂y j ∥L∞(Dn,m),we have for all i + j = 0, 1, ..., p,

ai, j
0,0 ≤ max


∥∥∥∥∥∥ ∂i+ ju
∂xi∂y j

∥∥∥∥∥∥
L∞(D0,0)

, i + j = 0, 1, ..., p

 = α1(p). (2.2.1)

Now, we consider the sequence Γn = max{ai, j
n,0, i + j = 0, . . . , p}, n = 0, 1, ...,N − 1.

From (2.1.8), we have for all n = 1, . . . ,N − 1 and i + j = 0, 1, ..., p

ai, j
n,0 ≤ c1 + c2

n−1∑
ξ=0

j−1∑
r=0

r∑
l=0

∫ xξ+1

xξ

Γξdt + c3

n−1∑
ξ=0

∫ xξ+1

xξ

∫ y

0
Γξdsdt + c4

j−1∑
r=0

r∑
l=0

i−1∑
q=0

q∑
η=0

aη,ln,0

+ c2

j−1∑
r=0

r∑
l=0

∫ x

xn

a0,l
n,0dt + c5

∫ y

0

i−1∑
q=0

q∑
η=0

aη,0n,0ds + c3

∫ x

xn

∫ y

0
a0,0

n,0dsdt,

where, for all i + j = 0, 1, ..., p
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Description, study of convergence and error of the numerical method

c1 = max
{∥∥∥∂(i)

1 ∂
( j)
2 1

∥∥∥
L∞(D)

}
,

c2 = max
{(r

l

) ∥∥∥∥ ∂i

∂xi

[
∂r−l

∂yr−l [∂
( j−1−r)
2 K(x, y, t, y)]

]∥∥∥∥
L∞(D)

, r = 0, ..., j − 1; l = 0, ..., r
}
,

c3 = max
{∥∥∥∂(i)

1 ∂
( j)
2 K(x, y, t, s)

∥∥∥
L∞(D)

}
,

c4 = max


(r

l

)(q
η

) ∥∥∥∥ ∂q−η

∂xq−η

[
∂i−1−q

∂xi−1−q

∣∣∣
t=x

(
∂r−l

∂yr−l

[
∂( j−1−r)

2 K(x, y, t, y)
])]∥∥∥∥

L∞(D)
, r = 0, ..., j − 1;

l = 0, ..., r; q = 0, ..., i − 1; η = 0, ..., q

 ,
and

c5 = max
{(q
η

) ∥∥∥∥ ∂q−η

∂xq−η

[
∂(i−1−q)

1 ∂( j)
2 K(x, y, x, s)

]∥∥∥∥
L∞(D)

, q = 0, ..., i − 1; η = 0, ..., q
}
,

the constants ci, i = 1, ..., 5 are positive and independent of N and M, hence,

ai, j
n,0 ≤ c1 + c2p2h

n−1∑
ξ=0

Γξ + c3hk
n−1∑
ξ=0

Γξ + c4

j−1∑
r=0

r∑
l=0

i−1∑
q=0

q∑
η=0

aη,ln,0

+ c2h
j−1∑
r=0

r∑
l=0

a0,l
n,0 + c5k

i−1∑
q=0

q∑
η=0

aη,0n,0 + c3hka0,0
n,0,

which implies that,

ai, j
n,0 ≤ c1 + c2p2h

n−1∑
ξ=0

Γξ + c3hk
n−1∑
ξ=0

Γξ + c4p2
j−1∑
l=0

i−1∑
η=0

aη,ln,0 + c2ph
j−1∑
l=0

a0,l
n,0

+ c5pk
i−1∑
η=0

aη,0n,0 + c3hka0,0
n,0

≤ c1 + c6h
n−1∑
ξ=0

Γξ + c7

j−1∑
l=0

i−1∑
η=0

aη,ln,0,

(2.2.2)

where c6 = c2p2 + c3k and c7 = c4p2 + c2ph + c5pk + c3hk.

Using the notations of Lemma 1.6.4, we put for each fixed n ∈N

ε(i, j) = ai, j
n,0, a(i, j) = c1 + c6h

n−1∑
ξ=0

Γξ, b(i, j) = c7.
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Description, study of convergence and error of the numerical method

It is clear that the sequence a(i, j) is nondecreasing in each variable i and j.

Then, by Lemma 1.6.4, we obtain from (2.2.2)

ai, j
n,0 ≤

c1 + c6h
n−1∑
ξ=0

Γξ

 i−1∏
s=0

1 + j−1∑
t=0

c7


≤ c1

[
1 + pc7

]p︸        ︷︷        ︸
c8

+ c6
[
1 + pc7

]p︸        ︷︷        ︸
c9

h
n−1∑
ξ=0

Γξ,

(2.2.3)

which implies that,

Γn ≤ c8 + c9h
n−1∑
ξ=0

Γξ. (2.2.4)

It follows, by Lemma 1.6.2, for all n = 0, 1, ...,N − 1

Γn ≤ c8 exp(c9a). (2.2.5)

On the other hand, we have, from (2.1.12), for all n = 0, ...,N − 1, m = 1, ...,M − 1 and

i + j = 0, ..., p

ai, j
n,m ≤ c1 + c3hk

n−1∑
ξ=0

m−1∑
ρ=0

p−1∑
s+t=0

as,t
ξ,ρ + c2h

n−1∑
ξ=0

j−1∑
r=0

r∑
l=0

p−1∑
s+t=0

as,t
ξ,m

+ c3hk
n−1∑
ξ=0

p−1∑
s+t=0

as,t
ξ,m + c5k

m−1∑
ρ=0

i−1∑
q=0

q∑
η=0

p−1∑
s+t=0

as,t
n,ρ

+ kc3h
m−1∑
ρ=0

p−1∑
s+t=0

as,t
n,ρ(t, s) + c4

j−1∑
r=0

r∑
l=0

i−1∑
q=0

q∑
η=0

aη,ln,m

+ c2h
j−1∑
r=0

r∑
l=0

a0,l
n,m + c5k

i−1∑
q=0

q∑
η=0

aη,0n,m + kc3ha0,0
n,m

≤ c1 + c3hk
n−1∑
ξ=0

m−1∑
ρ=0

p−1∑
s+t=0

as,t
ξ,ρ + c2p2h

n−1∑
ξ=0

p−1∑
s+t=0

as,t
ξ,m

+ c3hk
n−1∑
ξ=0

p−1∑
s+t=0

as,t
ξ,m + c5p2k

m−1∑
ρ=0

p−1∑
s+t=0

as,t
n,ρ
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Description, study of convergence and error of the numerical method

+ hkc3

m−1∑
ρ=0

p−1∑
s+t=0

as,t
n,ρ + c4p2

j−1∑
l=0

i−1∑
η=0

aη,ln,m

+ c2ph
j−1∑
l=0

a0,l
n,m + c5pk

i−1∑
η=0

aη,0n,m + hkc3a0,0
n,m. (2.2.6)

Consider, the sequence Γn,m = max{ai, j
n,m, i+ j = 0, . . . , p}, n = 0, 1, ...,N−1; m = 0, ...,M−1,

then by (2.2.6), we have

ai, j
n,m ≤ c1 + c3p2hk

n−1∑
ξ=0

m−1∑
ρ=0

Γξ,ρ + c2p4h
n−1∑
ξ=0

Γξ,m

+ c3p2hk
n−1∑
ξ=0

Γξ,m + c5p4k
m−1∑
ρ=0

Γn,ρ

+ hkc3p2
m−1∑
ρ=0

Γn,ρ + c4p2
j−1∑
l=0

i−1∑
η=0

aη,ln,m

+ c2ph
j−1∑
l=0

a0,l
n,m + c5pk

i−1∑
η=0

aη,0n,m + hkc3a0,0
n,m,

which implies that,

ai, j
n,m ≤ c1 + b1hk

n−1∑
ξ=0

m−1∑
ρ=0

Γξ,ρ + b2h
n−1∑
ξ=0

Γξ,m + b3k
m−1∑
ρ=0

Γn,ρ + b4

j−1∑
l=0

i−1∑
η=0

aη,ln,m, (2.2.7)

where b1 = c3p2, b2 = c2p4 + c3p2k, b3 = c5p4 + hc3p2 and b4 = c4p2 + c2ph + c5pk + c3hk.

Using the notations of Lemma 1.6.4, we put for each fixed n,m ∈N

ε(i, j) = ai, j
n,m, a(i, j) = c1 + b1hk

n−1∑
ξ=0

m−1∑
ρ=0

Γξ,ρ + b2h
n−1∑
ξ=0

Γξ,m + b3k
m−1∑
ρ=0

Γn,ρ, b(i, j) = b4.
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Description, study of convergence and error of the numerical method

It is clear that the sequence a(i, j) is nondecreasing in each variable i and j.

Then, by Lemma 1.6.4, we obtain from (2.2.7)

ai, j
n,m ≤

c1 + b1hk
n−1∑
ξ=0

m−1∑
ρ=0

Γξ,ρ + b2h
n−1∑
ξ=0

Γξ,m + b3k
m−1∑
ρ=0

Γn,ρ

 i−1∏
s=0

1 + j−1∑
t=0

b4


≤ c1

[
1 + pb4

]p︸        ︷︷        ︸
b5

+hk b1
[
1 + pb4

]p︸        ︷︷        ︸
b6

n−1∑
ξ=0

m−1∑
ρ=0

Γξ,ρ + h b2
[
1 + pb4

]p︸        ︷︷        ︸
b7

n−1∑
ξ=0

Γξ,m

+ k b3
[
1 + pb4

]p︸        ︷︷        ︸
b8

m−1∑
ρ=0

Γn,ρ,

it follows that, for all n = 0, 1, ...,N − 1; m = 0, ...,M − 1,

Γn,m ≤b5 + hkb6

n−1∑
ξ=0

m−1∑
ρ=0

Γξ,ρ + hb7

n−1∑
ξ=0

Γξ,m + kb8

m−1∑
ρ=0

Γn,ρ. (2.2.8)

Using the notations of Lemma 1.6.3, we put for each fixed m ∈N

ε(n) = Γn,m, a(n) = b5 + hkb6

n−1∑
ξ=0

m−1∑
ρ=0

Γξ,ρ + kb8

m−1∑
ρ=0

Γn,ρ, b(n) = hb7.
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Description, study of convergence and error of the numerical method

Then, by Lemma 1.6.3, we obtain from (2.2.8)

Γn,m ≤b5 + hkb6

n−1∑
ξ=0

m−1∑
ρ=0

Γξ,ρ + kb8

m−1∑
ρ=0

Γn,ρ+

+

n−1∑
s=0

b5 + hkb6

s−1∑
ξ=0

m−1∑
ρ=0

Γξ,ρ + kb8

m−1∑
ρ=0

Γs,ρ

 hb7

n−1∏
σ=s+1

[1 + hb7]

≤b5 + hkb6

n−1∑
ξ=0

m−1∑
ρ=0

Γξ,ρ + kb8

m−1∑
ρ=0

Γn,ρ+

+

n−1∑
s=0

b5 + hkb6

n−1∑
ξ=0

m−1∑
ρ=0

Γξ,ρ + kb8

m−1∑
ρ=0

Γs,ρ

 hb7 exp (ab7)

≤b5 + hkb6

n−1∑
ξ=0

m−1∑
ρ=0

Γξ,ρ + kb8

m−1∑
ρ=0

Γn,ρ+

+ ab7 exp (ab7)

b5 + hkb6

n−1∑
ξ=0

m−1∑
ρ=0

Γξ,ρ

 + hkb7 exp (ab7) b8

n−1∑
s=0

m−1∑
ρ=0

Γs,ρ

≤ b5(1 + ab7 exp (ab7))︸                  ︷︷                  ︸
b9

+hk (b6 + (ab6 + b8)b7 exp (ab7))︸                            ︷︷                            ︸
b10

n−1∑
ξ=0

m−1∑
ρ=0

Γξ,ρ

+ kb8

m−1∑
ρ=0

Γn,ρ.

(2.2.9)

Again, using the notations of Lemma 1.6.3, we put for each fixed n ∈N

ε(m) = Γn,m, a(m) = b9 + hkb10

n−1∑
ξ=0

m−1∑
ρ=0

Γξ,ρ, b(m) = kb8.
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Description, study of convergence and error of the numerical method

Then, by Lemma 1.6.3, we obtain from (2.2.9)

Γn,m ≤b9 + hkb10

n−1∑
ξ=0

m−1∑
ρ=0

Γξ,ρ +

m−1∑
s=0

b9 + hkb10

n−1∑
ξ=0

s−1∑
ρ=0

Γξ,ρ

 kb8

m−1∏
σ=s+1

[1 + kb8]

≤b9 + hkb10

n−1∑
ξ=0

m−1∑
ρ=0

Γξ,ρ +

m−1∑
s=0

b9 + hkb10

n−1∑
ξ=0

m−1∑
ρ=0

Γξ,ρ

 kb8 exp (bb8)

≤b9 + hkb10

n−1∑
ξ=0

m−1∑
ρ=0

Γξ,ρ +

b9 + hkb10

n−1∑
ξ=0

m−1∑
ρ=0

Γξ,ρ

 bb8 exp (bb8)

≤ b9
(
1 + bb8 exp (bb8)

)︸                   ︷︷                   ︸
b11

+hk b10
(
1 + bb8 exp (bb8)

)︸                    ︷︷                    ︸
b12

n−1∑
ξ=0

m−1∑
ρ=0

Γξ,ρ.

Then, by Lemma 1.6.4, we have

Γn,m ≤ b11

n−1∏
ξ=0

1 + m−1∑
ρ=0

hkb12

 ≤ b11 exp (abb12) . (2.2.10)

Hence, from (2.2.1), (2.2.5) and (2.2.10), by setting

α(p) = max
{
α1(p), c10 exp(pc11a), b11 exp (abb12)

}
.

The proof of Lemma 2.2.1 is completed.

The following theorem gives the convergence of the presented method.

Theorem 2.2.1 Let 1 and K be p times continuously differentiable on their respective domains.

Then equations (2.1.3),(2.1.5),(2.1.9) define a unique approximation v ∈ S(−1)
p−1,p−1(ΠN,M), and

the resulting error function e(x, y) = u(x, y) − v(x, y) satisfies:

∥e∥L∞(D) ≤ C(h + k)p,

where C is a finite constant independent of h.
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Description, study of convergence and error of the numerical method

Proof. Define the error e(x, y) on Dn,m by en,m(x, y) = u(x, y) − vn,m(x, y) for all n ∈
{0, . . . ,N − 1} and m ∈ {0, . . . ,M − 1}.
The proof is split into three steps.

Claim 1. There exists a constant C1 independent of h and k such that,

∥e0,0∥L∞(D0,0) ≤ C1(h + k)p.

Let (x, y) ∈ D0,0, by using Lemma 1.1.1, we obtain from (2.1.3)

|e0,0(x, y)| ≤
∑
i+ j=p

1
i! j!

∥∥∥∥∥∥ ∂i+ ju
∂xi∂y j

∥∥∥∥∥∥ hik j.

Hence, by Lemma 2.2.1, we have

|e0,0(x, y)| ≤ α(p)
∑
i+ j=p

1
i! j!

hik j =
α(p)
p!︸︷︷︸
C1

(h + k)p. (2.2.11)

Claim 2. There exists a constant C2 independent of h and k such that,

∥en,0∥L∞(Dn,0) ≤ C2(h + k)p,

for all n = 1, . . . ,N − 1. Let (x, y) ∈ Dn,0,we have from (2.1.6)

u(x, y) − v̂n,0(x, y) =
n−1∑
ξ=0

∫ xξ+1

xξ

∫ y

0
K(x, y, t, s)eξ,0(t, s)dsdt

+

∫ x

xn

∫ y

0
K(x, y, t, s)(u(t, s) − v̂n,0(t, s))dsdt.

Hence,

|u(x, y) − v̂n,0(x, y)| ≤
n−1∑
ξ=0

hkK∥eξ,0∥L∞(Dξ,0) + K
∫ x

xn

∫ y

0
|u(t, s) − v̂n,0(t, s)|dsdt,
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Description, study of convergence and error of the numerical method

where, K = max{∥K∥L∞(D)}.
Then by Lemma 1.6.1,

|u(x, y) − v̂n,0(x, y)| ≤
n−1∑
ξ=0

hkK∥eξ,0∥L∞(Dξ,0) exp
(
Kab

)
≤

n−1∑
ξ=0

h bK exp
(
Kab

)
︸         ︷︷         ︸

d1

∥eξ,0∥L∞(Dξ,0).

Which implies, by using Lemma 1.1.1, that

∥en,0∥L∞(Dn,0) ≤ ∥u − v̂n,0∥ + ∥v̂n,0 − vn,0∥

≤
n−1∑
ξ=0

hd1∥eξ,0∥L∞(Dξ,0) +
∑
i+ j=p

1
i! j!

∥∥∥∥∥∥∂i+ jv̂n,0

∂xi∂y j

∥∥∥∥∥∥ hik j.

Hence, by Lemma 2.2.1, we obtain

∥en,0∥L∞(Dn,0) ≤
n−1∑
ξ=0

hd1∥eξ,0∥L∞(Dξ,0) +
α(p)
p!

(h + k)p.

Then, by Lemma 1.6.2, we have

∥en,0∥L∞(Dn,0) ≤
α(p)
p!

(h + k)p exp(ad1).

Thus, we take C2 =
α(p)
p! exp(ad1).

Claim 3. There exists a constant C3 independent of h and k such that,

∥en,m∥L∞(Dn,m) ≤ C3(h + k)p,

33



Description, study of convergence and error of the numerical method

for all n = 0, . . . ,N − 1 and m = 1, . . . ,M − 1. Let (x, y) ∈ Dn,m,we have from (2.1.10)

|u(x, y) − v̂n,m(x, y)| ≤
n−1∑
ξ=0

m−1∑
ρ=0

hkK∥eξ,ρ∥ +
n−1∑
ξ=0

hkK∥eξ,m∥ +
m−1∑
ρ=0

hkK∥en,ρ∥

+ K
∫ x

xn

∫ y

ym

|u(t, s) − v̂n,m(t, s)|dsdt.

Then by Lemma 1.6.1,

|u(x, y) − v̂n,m(x, y)| ≤
n−1∑
ξ=0

m−1∑
ρ=0

hk K exp
(
Kab

)
︸        ︷︷        ︸

d2

∥eξ,ρ∥ +
n−1∑
ξ=0

hk K exp
(
Kab

)
︸        ︷︷        ︸

d2

∥eξ,m∥

+

m−1∑
ρ=0

hk K exp
(
Kab

)
︸        ︷︷        ︸

d2

∥en,ρ∥,

which implies, by using Lemma 1.1.1, that

∥en,m∥L∞(Dn,0) ≤∥u − v̂n,m∥ + ∥v̂n,m − vn,m∥

≤
n−1∑
ξ=0

m−1∑
ρ=0

hkd2∥eξ,ρ∥ +
n−1∑
ξ=0

hkd2∥eξ,m∥ +
m−1∑
ρ=0

hkd2∥en,ρ∥

+
∑
i+ j=p

1
i! j!

∥∥∥∥∥∥∂i+ jv̂n,m

∂xi∂y j

∥∥∥∥∥∥ hik j,

Hence, by Lemma 2.2.1, we obtain

∥en,m∥ ≤
n−1∑
ξ=0

m−1∑
ρ=0

hkd2∥eξ,ρ∥ +
n−1∑
ξ=0

hkd2∥eξ,m∥ +
m−1∑
ρ=0

hkd2∥en,ρ∥ +
α(p)
p!

(h + k)p. (2.2.12)

Using the notations of Lemma 1.6.3, we put for each fixed m ∈N

ε(n) = ∥en,m∥, a(n) =
n−1∑
ξ=0

m−1∑
ρ=0

hkd2∥eξ,ρ∥ +
m−1∑
ρ=0

hkd2∥en,ρ∥ +
α(p)
p!

(h + k)p, b(n) = hkd2.
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Description, study of convergence and error of the numerical method

Then, by Lemma 1.6.3, we obtain from (2.2.12)

∥en,m∥ ≤
n−1∑
ξ=0

m−1∑
ρ=0

hkd2∥eξ,ρ∥ +
m−1∑
ρ=0

hkd2∥en,ρ∥ +
α(p)
p!

(h + k)p

+

n−1∑
s=0

 s−1∑
ξ=0

m−1∑
ρ=0

hkd2∥eξ,ρ∥ +
m−1∑
ρ=0

hkd2∥es,ρ∥ +
α(p)
p!

(h + k)p

 hkd2 exp (abd2)

≤
n−1∑
ξ=0

m−1∑
ρ=0

hk d2
(
1 + 2abd2 exp (abd2)

)︸                        ︷︷                        ︸
d3

∥eξ,ρ∥ +
m−1∑
ρ=0

hkd2∥en,ρ∥

+
α(p)
p!

(
1 + abd2 exp (abd2)

)
︸                          ︷︷                          ︸

d4

(h + k)p.

(2.2.13)

Again, using the notations of Lemma 1.6.3, we put for each fixed n ∈N

ε(m) = ∥en,m∥, a(m) =
n−1∑
ξ=0

m−1∑
ρ=0

hkd3∥eξ,ρ∥ + d4(h + k)p, b(m) = hkd2.

Then, by Lemma 1.6.3, we obtain from (2.2.13)

∥en,m∥ ≤
n−1∑
ξ=0

m−1∑
ρ=0

hkd3∥eξ,ρ∥ + d4(h + k)p

+

m−1∑
s=0

 n−1∑
ξ=0

s−1∑
ρ=0

hkd3∥eξ,ρ∥ + d4(h + k)p

 hkd2 exp (abd2)

≤
n−1∑
ξ=0

m−1∑
ρ=0

hk d3
(
1 + abd2 exp (abd2)

)︸                      ︷︷                      ︸
d5

∥eξ,ρ∥ + d4
(
1 + abd2 exp (abd2)

)︸                      ︷︷                      ︸
d6

(h + k)p.

Moreover, by Lemma (1.6.4), we deduce that

∥en,m∥ ≤ d6(h + k)p
n−1∏
s=0

1 + m−1∑
t=0

hkd5

 ≤ d6 exp (abd5)︸         ︷︷         ︸
C3

(h + k)p.

Thus, the proof is completed by taking C = max{C1,C2,C3}.

35



CHAPTER 3

NUMERICAL EXPERIMENTS
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Numerical experiments

In this chapter, we present three examples to show the performance of the described

method in the previous chapter for solving the integral equation (2.1.1). We calculate

the error between u and the Taylor collocation solution v, all the exact solutions u

are already known. Moreover, we compare our results with other methods : two-

dimensional orthogonal triangular functions [1], and the differential transform method

[2]. All the calculations are supported by the software Maple17.

3.1 Illustrative example

Example 3.1.1 Consider the following linear 2D-VIEs [13]

u(x, y) = 1(x, y) +
∫ x

0

∫ y

0
(xt2 + cos(s))u(t, s)dsdt,

where (x, y) ∈ [0, 1]× [0, 1], and 1(x, y) = x sin(y)+ x5

4 (cos(y)− 1)− x2

4 sin2(y) with the exact

solution is u(x, y) = x sin(y).

Applying Taylor collocation method on the above integral equation, we approximate the

solution on Dn,m for n = 0, 1, ...,N − 1; m = 0, 1, ...,M− 1 by the Taylor collocation polynomial

vn,m shown some of them in the Table 3.1 for N = 10,M = 20, and p = 3.

Table 3.2 and Table 3.4 show the absolute errors at some points with p = 3 and (N,M) ∈
{(10, 10), (20, 20), (50, 50), (10, 20)}, Table 3.3 shows the absolute errors at some points with

p = 4, 5, 6 and (N,M) = (20, 20), (50, 50), (100, 100) respectively.

The absolute errors function for p = 3 and (N,M) ∈ {(20, 20), (50, 50), (10, 20)} are plotted

in Fig. 3.1 and Fig. 3.3 , we note that the absolute error reduces as N and M increases. As well

as comparing the absolute errors function for p = 3, 4 and N =M = 30 are plotted in Fig. 3.2,

we note that the absolute error reduces as p increases.

The results in this example confirm the theoretical results ( see, for example, the column 4

in Table 3.2 and Table 3.3). Moreover, the absolute error decreases as N,M or p increase.
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Table 3.1: A some of Taylor collocation polynomials of Example 3.1.1

Domain Dn,m Taylor collocation polynomial vn,m

D0,0 v0,0(x, y) = xy
D1,1 v1,1(x, y) = −0.000006247388393 + 0.0002498957665y + 0.00004165610x

−0.00249895846460505y2 + 0.998750261602268xy
+1.30760740500000 × 10−7x2

D1,15 v1,15(x, y) = −0.01917018430 + 0.05112289198y + 0.1328629567x
−0.0340819432792932y2 + 0.731689211700456xy
0.000046586187771000x2

D5,5 v5,5(x, y) = −0003863895322 + 0.03092534094y + 0.0051696897x
−0.0618509940890720y2 + 0.968912917693200xy
0.00000683751313650000x2

D5,15 v5,15(x, y) = −0.09583972142 + 0.2556140081y + 0.1328180967x
−0.170409873720890y2 + 0.731691468236635xy
0.0000549539187035000x2

D9,9 v9,9(x, y) = −0.03960509782 + 0.1761570265y + 0.0296988148x
−0.195734518081094y2 + 0.900453209408124xy
0.0000377923205550000x2

D9,19 v9,19(x, y) = −0.3302234215 + 0.6954611277y + 0.2605544964x
−0.366038085466712y2 + 0.581699623103681xy
+0.000145430384200000x2

(a) The function e for N =M = 20. (b) The function e for N =M = 50.

Figure 3.1: Plot of the absolute errors function of Example 3.1.1 for p = 3
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Table 3.2: Absolute errors of Example 3.1.1 for p = 3 and N =M = 10, 20, 50

(x, y) N =M = 10 N =M = 20 N =M = 50
(0.0, 0.0) 0 0 0
(0.1, 0.1) 2.07e − 08 5.19e − 09 4.32e − 10
(0.2, 0.2) 3.29e − 07 5.16e − 08 3.70e − 09
(0.3, 0.3) 1.29e − 06 1.85e − 07 1.28e − 08
(0.4, 0.4) 3.28e − 06 4.54e − 07 3.06e − 08
(0.5, 0.5) 6.71e − 06 9.11e − 07 6.11e − 08
(0.6, 0.6) 1.21e − 05 1.62e − 06 1.08e − 07
(0.7, 0.7) 2.01e − 05 2.68e − 06 1.77e − 07
(0.8, 0.8) 3.19e − 05 4.21e − 06 2.78e − 07
(0.9, 0.9) 4.89e − 05 6.43e − 06 4.24e − 07

Table 3.3: Absolute errors of Example 3.1.1for p = 4, 5, 6 and N =M = 20, 50, 100

(x, y) p = 4,N =M = 20 p = 5,N =M = 50 p = 6,N =M = 100
(0.0, 0.0) 0 0 0
(0.1, 0.1) 1.29e − 09 1.17e − 11 1.10e − 12
(0.2, 0.2) 5.23e − 09 1.25e − 11 8.20e − 12
(0.3, 0.3) 1.26e − 08 1.60e − 10 3.09e − 11
(0.4, 0.4) 2.77e − 08 8.52e − 10 1.94e − 12
(0.5, 0.5) 6.26e − 08 2.56e − 09 2.75e − 10
(0.6, 0.6) 1.45e − 07 8.36e − 09 8.35e − 10
(0.7, 0.7) 3.37e − 07 2.18e − 08 2.91e − 09
(0.8, 0.8) 7.57e − 07 5.04e − 08 4.75e − 09
(0.9, 0.9) 1.63e − 06 1.14e − 07 1.30e − 08
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(c) The function e for p = 3. (d) The function e for p = 4.

Figure 3.2: Plot of the absolute errors function of Example 3.1.1 for N =M = 30

Table 3.4: Absolute errors of Example 3.1.1 for p = 3 and N = 10,M = 20

(x, y) N = 10,M = 20 (x, y) N = 10,M = 20
(0.0, 0.0) 0 (0.1, 0.5) 2.27e − 07

(0.1, 0.05) 1.30e − 09 (0.2, 0.5) 4.84e − 07
(0.2, 0.1) 2.08e − 08 (0.3, 0.5) 7.73e − 07

(0.3, 0.15) 8.26e − 08 (0.4, 0.7) 1.96e − 06
(0.4, 0.2) 2.12e − 07 (0.5, 0.7) 2.63e − 06

(0.5, 0.25) 4.42e − 07 (0.6, 0.7) 3.42e − 06
(0.6, 0.3) 8.10e − 07 (0.7, 0.7) 4.38e − 06

(0.7, 0.35) 1.37e − 06 (0.8, 0.9) 8.21e − 06
(0.8, 0.4) 2.21e − 06 (0.9, 0.9) 1.04e − 05

(0.9, 0.45) 3.43e − 06 (1, 0.5) 7.74e − 05
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Figure 3.3: Plot of the absolute errors function of Example 3.1.1 for p = 3, N = 10,M = 20

3.2 Comparison examples

Example 3.2.1 Consider the following linear 2D-VIEs [2]

u(x, y) = 1(x, y) +
∫ x

0

∫ y

0

2
es−t u(t, s)dsdt, (x, y) ∈ [0, 1] × [0, 1],

where 1(x, y) = (ex−y + 1) sin(x+ y)− e−y sin(y)− ex sin(x) is chosen so that the exact solution

is u(x, y) = sin(x + y).

Table 3.5 shows the absolute errors at some points with p = 3, 4 and (N,M) ∈ {(10, 10), (20, 20)}.
The absolute errors function for p = 3 and (N,M) ∈ {(20, 20), (40, 40)} are plotted in Fig. 3.4.

The numerical results for p = 4 and h = k = 0.1 are compared with the numerical results

obtained by using the differential transform method (DTM) [2] in Table 3.6. We note that the

proposed method approximates the solution of the Volterra integral equation with a kernel of a
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general form but the results obtained are consistent with those obtained in [2].

Table 3.5: Absolute errors of Example 3.2.1 for p = 3, 4 and N =M = 10, 20

p = 3 p = 4
(x, y) N =M = 10 N =M = 20 N =M = 10 N =M = 20
(0, 0) 0 0 0 0

(0.1, 0.1) 4.99e − 06 6.25e − 07 5.01e − 09 2.03e − 08
(0.2, 0.2) 2.00e − 05 2.50e − 06 1.26e − 06 2.47e − 07
(0.3, 0.3) 4.50e − 05 5.63e − 06 5.86e − 06 9.48e − 07
(0.4, 0.4) 8.02e − 05 1.00e − 05 1.61e − 05 2.43e − 06
(0.5, 0.5) 1.25e − 04 1.57e − 05 3.50e − 05 5.08e − 06
(0.6, 0.6) 1.82e − 04 2.28e − 05 6.62e − 05 9.40e − 06
(0.7, 0.7) 2.51e − 04 3.14e − 05 1.14e − 04 1.60e − 05
(0.8, 0.8) 3.34e − 04 4.18e − 05 1.88e − 04 2.61e − 05
(0.9, 0.9) 4.35e − 04 5.44e − 05 2.97e − 04 4.08e − 05
(1.0, 1.0) 1.77e − 04 1.14e − 05 1.35e − 03 1.76e − 04

(a) The function e for N =M = 20. (b) The function e for N =M = 40.

Figure 3.4: Plot of the absolute errors function of Example 3.2.1 for p = 3
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Table 3.6: Comparison of the absolute errors of Example 3.2.1

(x, y) DTM Present method
(0.2, 0.1) 1.17e − 08 3.80e − 07
(0.2, 0.4) 1.48e − 06 3.80e − 06
(0.2, 0.7) 4.81e − 05 7.86e − 06
(0.5, 0.1) 3.69e − 06 5.91e − 06
(0.5, 0.4) 1.28e − 05 2.77e − 05
(0.5, 0.7) 1.06e − 04 4.81e − 05
(0.8, 0.1) 7.69e − 05 2.52e − 05
(0.8, 0.4) 1.82e − 04 1.02e − 04
(0.8, 0.7) 3.90e − 04 1.69e − 04
(1.0, 0.9) 1.85e − 03 4.12e − 04

Example 3.2.2 Consider the following linear 2D-VIEs [1]

u(x, y) = 1(x, y) −
∫ x

0

∫ y

0
sin(x − y − t + s)u(t, s)dsdt, (x, y) ∈ [0, 1) × [0, 1),

where 1(x, y) = (x − y + 1) cos(x + y) − (x − y) cos(x − y) is chosen so that the exact solution

is u(x, y) = cos(x + y).

The absolute errors function for p = 3 and N =M = 20 are plotted in Fig. 3.5.

The numerical results for p = 3 and h = k = 0.1, 0.05 are compared with the numerical

results obtained by using two-dimensional orthogonal triangular functions (2D-TFs) [1] in

Table 3.7, we observed that the results obtained by TCM are more accuracy than the results

obtained by 2D-TFs.
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Table 3.7: Comparison of the absolute errors of Example 3.2.2

2D-TFs Present method
(x, y) N =M = 10 N =M = 20
(0, 0) 0 0 0

(0.1, 0.1) 6.85e − 04 4.41e − 10 5.60e − 10
(0.2, 0.2) 3.47e − 04 4.96e − 10 4.52e − 10
(0.3, 0.3) 9.94e − 04 3.22e − 10 2.30e − 10
(0.4, 0.4) 3.88e − 03 4.18e − 10 2.94e − 10
(0.5, 0.5) 7.68e − 05 5.30e − 09 2.07e − 09
(0.6, 0.6) 8.37e − 03 1.86e − 08 3.98e − 09
(0.7, 0.7) 7.65e − 03 6.07e − 08 9.32e − 09
(0.8, 0.8) 8.70e − 03 1.65e − 07 2.60e − 08
(0.9, 0.9) 1.50e − 02 3.90e − 07 6.12e − 08

Figure 3.5: Plot of the absolute errors function of Example 3.2.2 for p = 3, N =M = 20
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CONCLUSION AND PERSPECTIVE

In this dissertation, we have developed a numerical method by using Taylor

collocation method for the numerical solution of two-dimensional Volterra integral

equations (2.1.1). This method is easy to implement and the coefficients of the ap-

proximate solution are determined by iterative formulas without the need to solve any

system of algebraic equations. Moreover, many numerical examples were introduced

showing that the method is convergent with a good accuracy and the numerical results

confirmed the theoretical estimates.

Further researches will be conducted by generalizing this method to approximate

Volterra integral equations in three dimensional :

u(x, y, z) = 1(x, y, z) +
∫ x

0

∫ y

0

∫ z

0
K(x, y, z, t, s, r)u(t, s, r)drdsdt.

45



BIBLIOGRAPHY

[1] E. Babolian, K. Maleknejad, M. Roodaki and H. Almasieh, Two-dimensional trian-

gular functions and their applications to nonlinear 2D VolterraFredholm integral

equations. Computers and Mathematics with Applications, 60(6) (2010), 1711-

1722.

[2] J. Bongsoo, Comments on solving class of two-dimensional linear and nonlinear

Volterra integral equations by the differential transform method. J. Comput. Appl.

Math. 233 (2009), 224230.

[3] H. Brunner, Collocation methods for Volterra integral and related functional dif-

ferential equations, Cambridge university press, Cambridge, (2004).

[4] H. Brunner, The numerical solution of two-dimensional Volterra integral equations

by collocation and iterated collocation, IMA Journal of Numerical Analysis(1989)

9, 47-59.

[5] S.R. Ghorpade and B.V. Limaye, A course in multivariable calculus and analysis,

Springer Science+Business Media, New York, (2010).

[6] P.C. Hansen, T.K. Jensen, Large-scale methods in image deblurring, in: Proceed-

ings of the LNCS of Lecture Notes in Computer Science, 4699, 2007.

46



Bibliography

[7] A.V. Manzhirov, On a method of solving two-dimensional integral equations of

axisymmetric contact problems for bodies with complex rheology, J. Appl. Math.

Mech. 49 (6) (1985) 777782.

[8] M.V. Mirkin, A.J. Bard, Multidimensional integral equations. part 1. a new ap-

proach to solving microelectrode diffusion problems, J. Electroad. Chem. 323 (12)

(1992) 127.

[9] B. G. Pachpatte, Integral and finite difference inequalities and applications, Nether-

lands elsevier, (2006).

[10] B. G. Pachpatte, Multidimensional integral equations and inequalities, Springer

Science and Business Media, Vol. 9, (2011).

[11] B. G. Pachpatte, On discrete inequalities related to Gronwall’s inequality, Proc.

Indian Acad. Sci., Vol. 85 A, No. 1, (1977), pp 26-40.

[12] J. Radlow, A two-dimensional singular integral equation of diffraction theory, Bull.

Am. Math. Soc. 70 (4) (1964) 596599.

[13] A. Tari, M.Y. Rahimi, S. Shahmorad, F. Talati, Solving a class of two-dimensional

linear and nonlinear volterra integral equations by the differential transform

method, J. Comput. Appl. Math. 228 (1) (2009) 7076.

[14] A. Wazwaz, Linear and Nonlinear Integral Equations Methods and Applications,

Higher Education Press Beijing, New York, (2011).

47


